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THE QUANTUM THEORY 



INTEODUCTION 

THE old saying that small causes give rise to great effects 
has been confirmed more than once in the history of 
physics. For, very frequently, inconspicuous differences be- 
tween theory and experiment (which did not, however, escape 
the vigilant eye of the investigator) have become starting- 
points of new and important researches. 

Out of the well-known Michelson-Morley experiment, 
which, in spite of the application of the most powerful 
methods of exact optical measurement, failed to show an 
influence of the earth's movement on the propagation of 
light as was predicted by classical theory, there arose the 
great structure of Einstein's Theory of Eelativity. In the 
same way the trifling difference between the measured and 
calculated values of black-body radiation gave rise to the 
Quantum Theory which, formulated by Max Planck, was 
destined to revolutionise in the course of time almost all 
departments of physics. 

The quantum theory is yet comparatively young. It is 
therefore not surprising that we are confronted with an 
unfinished theory still in process of development which, 
changing constantly in many directions, must often destroy 
what it has built up a short time before. But under such 
circumstances as these, in which the theory is continually 
deriving new nourishment from a fresh stream of ideas and 
suggestions, there is a peculiar fascination in attempting to 
review the life-history of the quantum theory to the present 
time and in disclosing the kernel which will certainly out- 
last changes of form, 
1 



CHAPTER I 
The Origin of the Quantum Hypothesis 

§ I. Black-Body Radiation and its Realisation in Practice 

THE Quantum Theory &st saw light in 1900. When, in 
the years immediately preceding (1897-1899), Lummer 
and Pringsheim made their fundamental measurements ' of 
black-body radiation at the Beichsanstalt, they could ba.ve 
had no premonition that their careful experiments would 
become the starting-point of a revolution such as has seldom 
occurred in physics. 

In the field of heat radiation chief interest at that time was 
centred in the radiation of a black body (briefly called " black- 
body " radiation), that is, of a body which absorbs completely 
all radiation which falls on it and which thus reflects, trans- 
mits, and scatters 2 none. We may shortly call to mind 
the following facts. It is known that any body at a given 
temperature sends out energy in the form of radiation into 
the surrounding space. This radiation is not energy in a 
single simple form but is made up of a number of single 
radiations of different colours, i.e. of different wave-lengths X 
or of different frequencies s v. In other words, it forms in 
general a spectrum in which radiations of all frequencies 
between v = and v = oo are represented. Further, these 
radiations are present in varying " intensities." We define 
this term thus. Consider the radiation emitted from unit 
surface of the body per second in a certain direction ; break 
it up spectrally and cut out of the spectrum a small frequency 
interval dv such that it contains all frequencies between v and 
V + dv. The energy of radiation E^ thus sliced out (namely, 
the emissivity of the body for the frequency v) may be defined 
in the following terms : ' 

E, = 2irK,dv . . . (1) 

2 



BLACK-BODY RADIATION S 

provided that — as we shall assume for the sake of simplicity 
— the STirfaoe of the body emits uniform and unpolarised 
radiation in all directions. 

The magnitude Ky thus defined is called the intensity of 
radiation of the body for the frequency v. It is in general a 
more or less complicated function of the frequency v, of the 
absolute temperature of the body T, and of the inherent 
properties of the body. The black body alone is unique in 
this respect. For its radiation and therefore its Kv is, as 
G. Kirchhoff^ was the first to point out, dependent only 
on the frequency v and the absolute temperature T, that is, 
mathematically, 

K„=/(v, T) . . . . (2) 

This formula which gives the relation between the intensity 
of radiation from a black body, the temperature, and the 
" colour " is called the radiation formula or the law of radia- 
tion of a black body. 

To calculate this relationship on the one hand and to 
measure it on the other were unsolved problems at that 
time. Unimpeachable measurements were of course possible 
only if one could succeed in constructing a black body which 
approached sufficiently near the theoretical ideal. This im- 
portant step, the realisation of the black body, was taken by 
0. Lummer and W. Wien^ on the basis of Kirchhoff's'' 
Law of Cavity Eadiation, which states : In an enclosure 
or a cavity which is enclosed on all sides by reflecting walls, 
externally protected from exchanging heat with its surroundings, 
and evacuated, the condition of " black radiation " is auto- 
matically set wp if all the emitting and absorbing bodies at the 
walls or in the enclosure are at the same temperature. In a 
space, therefore, which is hermetically surrounded by bodies 
at the same temperature T and which is prevented from ex- 
changing heat with its surroundings, every beam of radiation 
is identical in quality and intensity with that which would be 
emitted by a black body at the temperature T. 

Lummer and Wien, therefore, had only to construct a 
uniformly heated enclosure with blackened walls having a 
small opening. The radiation emitted from this opening was 
then "black" to an approximation which was the closer 
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the smaller the opening, that is, the less the completeness of 
the enclosure was disturbed. The manner in which the 
intensity K^ of the black radiation thus realised depended 
on the frequency v and the temperature T had next to be 
determined. The above-mentioned investigation of Lummer 
and Pringsheim was devoted to this purpose. 

§ 2. The Stefan-Boltzinann Law of Radiation and Wien's 
Displacement Law 

While experimental research was proceeding on its way, 
theory was not idle, for valuable pioneer work was being 
done inasmuch as two fundamental laws were set up. In 
the first place, L. Boltzmann^ proved, with the help of 
thermodynamics, the law previously enunciated by Stefan^ 
that the sum-total of the radiation from a black body, 
taking all the frequencies together, namely, the quantity 

'K.vdv, is proportional to the fourth power of its absolute 
temperature : i" 

Z = 7 . T* (y = const.) . . . (3) 

The laws proposed by Wien " entered more deeply into the 
question. Wien imagines the black radiation enclosed in a 
closed space with a perfectly reflecting piston as one wall, 
and then supposes the radiation to be compressed adiabatically, 
as in the case of gases (that is, no passage of heat to or from 
the cavity is allowed during the process), by infinitely slow 
movements of the piston. Now, if we express the change 
which this process causes in the energy of a definite colour 
interval dv in two ways, and if we take into consideration 
that the waves reflected at the piston undergo a change pf 
colour according to Doppler's principle, we succeed in limiting 
very considerably the unknown functional dependence of the 
quantity Kv on v and T. There is thus obtained a re- 
lation of the form 12 

K. = S^(J) ■ . . w 

in which c is the velocity of light in vacuo, the function F 
being left undetermined. From this, Wien's Displacement 
Law, the conclusion Js may be drawn that the frequency 



WIEN'S LAW OF RADIATION 5 

•'max for which K„ (plotted as a function of v) is a maximum 
IS displaced towards higher values proportional to T as the 
temperature increases : 

"max = const. . T . . . (4a) 

If, as is usual in physical measurement, we use the wave- 

length X = - instead of the frequency as the variable, Wien's 

Law assumes a somewhat different form. For if we consider 
the radiant energy of a narrow range of wave-length clX. cor- 
responding to the frequency range dv, and write it in the 

form E^dk, then Ei^dX = K,dv, that ia: E;, = Kv . -. In 

place of (4) and (ia) we then get the relations : 

Amax • T ■ const. = 8 , . . (5a) 

§ 3. Wien's Law of Radiation 

To formulate the law of radiation it was therefore neces- 
sary only to evaluate the unknown function i''in (4) or (5). 
But this was just the central point of the whole question, 
and the most difficult part of the problem. 

Here, too, Wien made the first successful attack. On the 
basis of not entirely unobjectionable calculations, which were 
founded on Maxwell's law of distribution of velocities among 
gas molecules, he arrived at the following specialised form i' 
of the function F : — 

F= e-^f (a and j8 are two constants). 

Thus the law of radiation (4) assumes the form 

K. = ^~.e-4 . . . . (6) 

which is called Wien's Law of Eadiation. 

How far did experiment confirm these theoretical results ? 

While the Stefan- Boltzmann Law and Wien's Displacement 

Law were confirmed to a large extent by the observations of 

^Ihtmmer and Pringsheim,^* both experimenters found Wien's 
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Law of Eadiation confirmed only for high frequencies, that is, 
for short wave-lengths (more precisely, for large values of 

;8~V and detected, on the other hand, systematic discrepancies 

for small frequencies, that is, for long wave-lengthsA^ They 
maintained with unswerving persistence that these discrepan- 
cies were real in spite of objections from authoritative quarters. 
For while F. Paschen i' imagined that he had proved by his 
work that Wien's Law of Eadiation was universally valid, 
Max Planch, in his detailed theory of irreversible processes 
of radiation,i8 had arrived again at Wien's radiation formula 
by a more rigorous method. Starting from Eirchhoff's Law 
of Cavity Eadiation, according to which the presence of any 
emitting or radiating substance whatsoever in a uniformly 
heated enclosure produces and ensures the maintenance of 
the condition of black-body radiation, Planck chose as the 
simplest schematic model of such a substance a system 
of linear electromagnetic oscillators, and investigated the 
equilibrium of the radiation set up between them and the 
radiation of the enclosure. This is to be understood as fol- 
lows : Bach of the Planck oscillators — as such we may, for 
example, assume bound electrons capable of vibration — pos- 
sesses a fixed natural frequency v and responds, on account 
of its weak damping, only to those waves of the radiation in 
the enclosure whose frequencies lie in the immediate neigh- 
bourhood of V, while all other waves pass over it without 
effect. The oscillator thus acts selectively, as a resonator, in 
just the same way as a tuning-fork of definite pitch com- 
mences to sound only when its own " proper" tone, or one 
very near it, is contained in the volume of sound which strikes 
it. In this process of resonance, however, the oscillator ex- 
changes energy with the radiation inasmuch as, on the one 
hand, it acts as a resonator in abstracting energy from the 
external radiation, and, on the other, it acts as an oscillator 
and radiates energy by its own vibration. Hence a dynamic 
equilibrium is set up between the oscillator and the radiation 
of the enclosure, and, indeed, between just those waves of 
the radiation which have the frequency r. In this state of 
equUibrium the radiation of frequency .- acquires an intensity 
K. which, according to Eirchhoff's Law, is equal to the intensity 
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of blaok-body radiation at this temperature. Secondly, the 
energy U of the oscillator passes in the course of time through 
all possible values, the mean value i* U of which is found to 
be proportional to the intensity K„ a result which seems im- 
mediately plausible since the excitation of the oscillator will 
be greater the more intense the radiation that falls on it. 
The exact calculation of this relationship between 5j, and U 
on the basis of classical electrodynamics— this is the first 
part of Planck's calculations — leads to the fundamental 
formula : 



K.^-^-n . . . . (7) 

In the second part Planck *" determined J7, although by a 
method that is not free from ambiguity, as a function of v and 
T on the basis of the second law of thermodynamics. He 
obtained 

V 

U = ave'^T ■ • • • (8) 

The combination of (7) and (8) gives ua Wien's Law of Eadia- 
tion (6). 

§4. The Quantum Hypothesis. Planck's Law of Radiation 

Lummer and Pringsheim, however, refused to surrender. 
In a fresh investigation 21 in 1900 they showed that in the 
region of long waves Wien's radiation formula undoubtedly did 
not agree with the results of observation. As a result of this, 
Planck, in an important paper 22 which must be regarded as 
marking the creation of the quantum theory, decided to 
modify his method of deducing the law of radiation, namely, 
by altering the expression (8) which gives the mean energy 
of the oscillator, but which is not unique. He proceeded as 
follows. 23 In order to distribute the whole available energy 
among the oscillators, he imagined this energy divided into 
a discrete number of finite " elements of energy " {energy 
quanta) of magnitude e, and supposed these energy quanta 
to be distributed at random among the individual oscillators 
exactly as a given number of balls, say 5, may be distributed 
among a certain number of boxes, say 3. Each such distri- 
bution (of 5 balls among 3 boxes) may obviously be carried 
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out in a number of different ways, whereby, however, we are 
not concerned with which particular balls lie in which par- 
ticular boxes, but with the number contained in each.M Now 
since each such " distribution " corresponds to a definite state 
of the system, it follows from what has just been said that 
each condition may be realised in a number of different 
ways, that is, each condition is characterised by a certain 
number of possibilities of realisation. This number is called 
by Planck the thermodynamic probabOity W of the condition 
in question. For it is obvious that the probability of a con- 
dition or state is the greater, i.e. it will occur the more fre- 
quently, the greater the number of ways in which it may 
be realised. By means of the usual formulae of permuta- 
tions and combinations, of which the latter alone come into 
consideration here, it was possible to calculate the probability 
of any given distribution of the elements of energy among 
the oscillators, and thus also the probability of a given 
energetic condition of the system of oscillators as a func- 
tion of the mean energy U of an oscillator and of the energy 
quantum. Now, L. BoUzmann^ has given an extremely 
fertile rule, which connects the probability of state TF of a 
system with its entropy S, a magnitude which, as is well 
known, plays a similar role in the second law of thermodyna- 
mics to that played by energy in the first. Thus S was ob- 
tained as a function of U and t. If now, on the other hand, 
one applied the second law itself, which expresses the en- 
tropy S as a function of the mean energy U and the absolute 
temperature T, the following result was obtained by this cir- 
cuitous process : the entropy, as an auxiliary magnitude, was 
eliminated, and a relation between U, T, and c was gained. 
This fundamental result, first obtained by Planck, is as 
follows : — 

U = (k being a constant) . . (9) 

e*2' - 1 
But from (7) and Wien's Displacement Law (4) it follows 
that for the mean energy U" of an oscillator, a relationship of 
the following form exists : — 

U~v.f(~). . . . (10) 
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A comparison of (9) and (10) shows that U assumes the 
form required by (10) only when e is set proportional to v, the 
trequency. This is an essential point of Planck's Theory : if 
we are to remain in agreement with Wien's Displacement Law, 
the energy element e must be set equal to hv 

« = ^'' • . . . (11) 

The constant h, which, on account of its dimensions (energy 
X time), is called Planck's Quantum of Action, has played, 
as we shall see, a r61e of undreamed-of importance in the 
further development of the quantum theory. 

By combining the formulae (7), (9), and (11) the renowned 
radiation law of Planck follows at once : — 

K-^.-^ . . . (12) 
ekT _ 1 

which Planck first deduced in the year 1900 in the manner 
above described, that is, by the hypothesis of energy quanta. 
In the same year as well as in the following year this Law of 
Eadiation was confirmed very satisfactorily by H. Rubens and 
P. Kurlbaum ^ for long waves, and by F. Paschen ^i for short 
waves. The later measurements of radiation emitted by 
black bodies,28 particularly the exact work carried out by E. 
Warburg and his collaborators at the Eeichsanstalt, have also 
demonstrated the validity of Planck's formula. In oppos.tion 
to this, W. Nernst and Th. Wulf,^ as the result of a critical 
review of the whole experimental material available up tc that 
date, have recently shown the existence of deviations (up to 
7 per cent) between the measured and the calculated values 
according to Planck's formula, and hence feel themselves 
constrained to decide against the exact validity of Planck's 
formula. Whatever view is taken of this criticism, it is at any 
rate a powerful incentive to take up anew the measurement 
of the radiation emitted by black bodies with all the finesse 
and precautions of modern experimental science, and thereby 
to decide finally the important question whether Planck's 
Law is exactly valid or not. 
For short wave-lengths, i.e. high frequencies (more exactly, 
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hv 



for high values of ^\ Planck's formula assumes the form 



"■' . . (13) 



and thus passes over into Wien's Law (cf. formula (6), 
which, as we have seen, was confirmed by experiment for 
these frequencies). In the other limiting case, i.e. for long 

waves, low frequencies (more exactly for small values of ^j, 
Planck's formula assumes the form 

K. = '^>r . . . . (U) 

as is easily found by developing the exponential function 

erk as a series. This limiting law, which has been confirmed 
in the region of long wave-lengths, had been given pre- 
viously by Lord Bayleigh.^ Planck's formula thus contains 
Wien's Law and Bayleigh's Law as limiting cases. 

If we use the wave-length A. instead of the frequency v, 
Planck's Law takes the form 

^^ = '4-j^ ■ ■ ■ ^''^ 

eio^T - 1 

To make this clear, the intensity of radiation Ej^ is plotted 

in Fig. 1 as a function of A for various values of T. The 

curves which exhibit K^ as a function of v have a quite 

similar appearance. The maximum of the S^-curves lies at 

he 
the point at which ^-— =, has the value 4'965J. 

It follows that 

'—^ = i^mn-k-'-'''^'''-l-' ■ (i«) 

a relation, which is identical in form with Wien's Displace- 
ment Law (5a). 
For the total radiation we get from (12) or (15) 

Z=2j;K.Zv.2|V...gJ,.T^-,.T^. (17) 
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an equation which gives expression to the Stefan-BoUzmann 
Law SI (3). 

From (16) and (17) we recognise that the measurement (a) 
r of the total radiation (Z) and (b) of the 

^ wave-length of the maximum {Xma,%), at 

a fixed known temperature, allows us to 
calculate the two constants h and k of the 
radiation formula.sa From Kurlbaum's 
measurements of the Stefan-Boltzmann 
constant y, which were available at that 
time, and from the constant S of Wien's 
Displacement Law (measured by Lummer 
and Pringsheim) Planck^^ found the fol- 
lowing values : 

h = 6'548 X 10-27[erg.sec.] 

A; = l-Sie.lO-isf-?^] . (18) 




Fig. 1. 



Corresponding to the varying values 

which have been found in the course of 

time for the constants y and 8, the values 

and k have undergone changes which 

are not worth while 

recording here. 

For particularly 

A the measurement of 

the total radiation 
— as we see from 
the strongly varying values given in note 15 — has not yet 
reached a suflScient degree of certainty, to allow a very ac- 
curate calculation of the two radiation constants h and k to be 
based on the Stefan- BoUzmann constant. Methods which 
allow h to be determined with undoubtedly much greater 
accuracy will be described later. 

§ 5. Consequences of Planck's Theory 

The deduction of the radiation formula and the determina- 
tion of its constants did not, however, exhaust the successes 
of Planck's new theory ; on the contrary, important relation- 
ships of this theory to other departments of physics became 
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immediately revealed. For it was founds* that the constant 
k of the radiation formula is nothing other than the quotient 
of the absolute gas constant B (which appears in the equa- 
tion of state of an ideal gas) and the so-called Avogadro 
number N, i.e. the number of molecules in a grammolecule. 

^ = 1 .... (19) 

As the value of B is sufficiently accurately known from 
thermodynamics 

Planck,^ by making use of the radiation measurements, was 
able to calculate the value of N. By using (18) he found 

N = 6-175 X 1023 . . . (20) 

The agreement of this value with the values deduced by 
quite different methods is very striking.s* Avogadro' s Law 
forms the bridge to the electron theory. For it is known 
that the electric charge which travels in electrolysis with 
1 gramme-ion, that is, with iV^-ions, is a fundamental con-' 
stant of nature, which is called the Faraday. Its value was, 
according to the position of measurements at that time, 
9658 . 3 . lO^" electrostatic units (the value nowadays ac- 
cepted 37 is 9649'i . 2-999 . 10"). If now each monovalent- 
ion carries the charge e of the electron, the equation 

Ne = 9658 . 3 . lO" . . . (21) 

must hold. Prom this, by using (20), we get 

e = 4-69 X 10-" electrostatic units . (22) 

The value of the electron charge thus calculated by Planck 
from the theory of radiation differs only by about 2 per cent 
from the latest and most exact measurements of B. A. 
MiUikan,^ who found the value 

e = 4-774 . 10 - " electrostatic units . (23) 

A truly astonishing result. 



CHAPTBE 11 
The Failure of Classical Statistics 

§ 1. The Equipartition Law and Rayleigh's Law of Radiation 

IP theae great successes had justified faith in Planck's 
Theory, it was also soon recognised — as had already been 
emphasised by Planck in his first papers — that the central 
point of the theory lay in the Quantum Hypothesis, i.e. in the 
novel and repulsive conception, that the energy of the oscilla- 
tors of natural period v was not a continuously variable 
magnitude, but always an integral multiple of the element of 
energy, that is e = hv. The recognition of the necessity of 
this hypothesis has forced itself upon us more and more in the 
course of time, and has become established, more especially 
through indirect evidence, inasmuch as every attempt to work 
with the classical theory has led logically to a false law of 
radiation. For when Planck turned the radiation problem 
into a problem of probability — for a definite amount of energy 
was to be divided among the oscillators according to chance, 
and the mean value U of the energy of an oscillator was to 
be calculated — it became possible to apply the methods of 
the statistical mechanics founded by Glerh Maxwell, L. 
Boltzmann, and Willard Gibbs. And the application of these 
methods to the case in question appeared to be demanded 
from the start, if the standpoint, self-evident in classical 
physics, that the energy of the oscillator could assume in 
continuous sequence all values between and oo were 
adopted. What, then, did statistical mechanics require? 
One of its chief laws is the law of the equipartition of kinetic 
energy, 89 according to which in a state of statistical equilibrium 
at absolute temperature T every degree of freedom of a mechan- 
ical system, however complicated, possesses the mean kinetic 

13 
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energy \kT. In this expression the constant h is defined by 
(19), and is thus the same constant as that which appears 
in the Law of Eadiation. A system of/ degrees of freedom, 
therefore, possesses at a temperature Ta mean kinetic energy 
f.^hT. Tor example, the atom of a monatomic gas is a 
configuration which possesses three degrees of freedom, if we 
regard it from the point of view of mechanics as a mass- 
point. Its kinetic energy at the temperature T has therefore 
a mean value " f fcT, independent of its mass, a result which 
has been known in the kinetic theory of gases since the time 
of Maxwell, and which is deduced as a consequence of his 
law of distribution of velocities. 

Planch's linear oscillator, which is essentially identical 
with an electron vibrating in a straight line, possesses one 
degree of freedom ; its kinetic energy at the temperature T 
has therefore the mean value \hT. Now the mean potential 
energy of the oscillator is equal to its mean kinetic energy .*i 
As a result, its mean total energy (kinetic plus potential) has 
the value 

U=kT . . . . (24) 

This result of classical statistics, when combined with the 
relation (7) deduced from classical electrodynamics, gives 
Bayleigh's Law of Eadiation 

K.^'^&r .... (25), 

which, as we saw (cf. (14)), is contained in Planck's Law of 

Eadiation as a limiting case for small values of pp, that is, 

for long waves or high temperatures. 

This Law of Eadiation of Bayleigh which, deduced as it 
is from the fundamental principles of classical statistics and 
electrodynamics, should be able to claim general validity for 
all frequencies and all temperatures, stands none the less in 
glaring contradiction to observation. For while all observed 
curves of distribution of energy of a black body (i.e. K^ plotted 
as a function of v, T being constant) always show a maximv/m, 
the curve expressed by (25) rises without limit for rising 
values of v, and therefore gives for the sum E = 2 f K^dv an 
infinitely large value. 
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§ 2. Fruitless Attempts at Improvement 
Prom very different quarters and in the most varied ways 
attempts were made, as time went on, to escape from 
Bayleigh's Law without discarding classical statistical 
mechanics. All in vain. Thus J. H. Jeans^^ without 
making use of a " material " oscillator, considered only the 
radiation as such in an enclosure, and distributed the whole 
energy of radiation according to the Law of Bquipartition 
over the individual " degrees of freedom of radiation " (which 
are here the individual vibrations that are possible in an en- 
closure). Further, H. A. Lorentz^^ deduced in a penetrating 
investigation the thermal radiation of the metals, starting from 
the conception that the free " conduction electrons," which 
carry the current, produce the radiation by their collisions 
with the atoms, and applying the Law of Bquipartition to 
the motion of these electrons. The problem was attacked 
in a somewhat different fashion by A. Einstein and L. HopfM 
They imagined the Planck oscillator firmly attached to a 
molecule, and then considered this complex exposed to the 
radiation and the impacts of other molecules. The Law of 
Radiation could then be deduced from the condition that the 
impulse, which the impacts of the molecules give to the com- 
plex, must not on the average be changed by the impulses, 
which the radiation gives to the oscillator. We may also 
mention a paper oi A. D. Fokker^ which was supplemented 
by M. Planck.*^ In this, by the aid of a general law due to 
Einstein, the statistical equilibrium between the radiation 
and a large number of oscillators was examined on the basis 
■ of the classical theories. All these di^fferent ways ended, 
however, at the same point ; they all led to Bayleigh's Law. 
And finally, at the Solvay Congress in Brussels in 1911, 
H.r A. Lorentg*i showed, in the most general manner 
imaginable, that we arrive of necessity at this wrong law, 
if we assume the validity of Hamilton's Principle and of 
the Principle of Bquipartition for the totality of the pheno- 
mena (of mechanical and electromagnetic nature) which 
take place in an enclosure containing radiation, matter, and 
electrons. Only in the limiting case of high temperatures or 
small frequencies do the results of the classical theory agree 
with the results of observation." 



CHAPTBE m 

The Development and the Ramifications of the 
Quantum Theory 

§ I. The Absorption and Emission of Quanta 

AS stated above, the conviction was bound to establish 
itself that every attempt to deduce the laws of radiation 
on the basis of classical statistics and electrodynamics was 
doomed from the outset to failure, and it was necessary to 
introduce a hitherto unknown discontinuity into the theory. 
It was, of course, clear that this " atomising of energy " would 
conflict sharply with existing and apparently well-founded 
theories. For if the energy of the Planck oscillator was only 
to amount to integral multiples of e = hv, and therefore was 
only to be able to have the values 0, e, 2e, Se . . . then, since 
the oscillator only changes its energy by emission and ab- 
sorption, the conclusion was inevitable that oscillators cannot 
absorb and emit amounts of energy of any magnitude but only 
whole multiples of t. {Quantum emission and quantum 
absorption.) This conclusion is in absolute contradiction to 
classical electrodynamics. For, according to the electron 
theory, an electromagnetic oscillator, for instance a vibrat- 
ing electron, emits and absorbs in a field of radiation perfectly 
continuously, that is to say, in sufficiently short times it emits 
or absorbs indefinitely small amounts of energy. 

g 2. Einstein's Light-quanta ; Phenomena of Fluctuation in a Field 
of Radiation 

Thus at the very entrance into the new country there 
yawned a gulf, which had either, in view of the previous 
success of the classical theory, to be bridged over by a com- 
promise ; or, failing this, tradition would have to be discarded 
and the gap would be relentlessly enlarged. Einstein felt him- 

16 
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self compelled to take the latter radical course. On the basis 
of very original considerations,*' he set up the hypothesis that 
the energy quanta not only played a part, as Planch held, in 
the interaction between radiation and matter (resonators or 
oscillators), but that radiation, when propagated through a 
vacuum or any medium, possesses a quantum-like structure 
{Light-quantum hypothesis). Accordingly, all radiation was 
to consist of indivisible " radiation quanta " ; when the energy 
is being propagated from the exciting centre, it is not divided 
evenly in the form of spherical waves over ever-increasing 
volumes of space, but remains concentrated in a finite number 
of energy complexes, which move like material structures, 
and can only be emitted and absorbed as whole individuals. 
Einstein believed himself forced to this strange conception, 
which breaks with all the observations that appear to 
support the undulatory theory, by several investigations, 
all of which led to the same conclusion. He was per- 
suaded to this view by the result of calculations dealing 
with certain phenomena of fluctuation, phenomena which 
are familiar to us in statistics and particularly in the kinetic 
theory of gases. It is well known that in a gas which 
contains n molecules in a volume Vq, the spatial distribution 
of these molecules is far from constant, being subject to vari- 
ation on account of the motion of the molecules. Indeed, in 
principle, extreme cases are possible as that, for example, in 
which all n molecules are collected at a given moment in a 
fractional part v{<Vg) of the volume. The probability of 
this rare constellation is known to be 

m extraordinarily small number when n is great ; that is to 
say, the event in question occurs extremely rarely. 

Now, the spatial density of the radiation enclosed within a 
relume v^ is subject tjp quite analogous variations. If E is 
ihe total energy of the radiation (supposed to be monochro- 
natic) and if its frequency v is so great, or its temperature 
!o low, that Wien's Law of Eadiation holds for it, then the 
|robability that the whole radiation occupies the partial 
rolume v{< v^) is, according to Einstein,^ 
2 
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= (0 



i . . . ■ (27) 



A comparison with (26) shows that the radiation, within 
the limits of validity of Wien's Law, behaves as if it were made 

upofn(= j- ) independent complexes of energy, each of mag- 
nitude hv. 

Two other investigations si of Einstein led to the same 
conclusion. In the first, a very large volume filled with 
black-body radiation is considered, which communicates with 
a small volume v. If E is the momentary energy of the 
radiation of frequency v in the volume v, this energy varies, 
as is known, irregularly with the time about a mean value 
E ; the magnitude e = jS7 - E ia called the fluctuation of the 
energy. Now, the general theory of statistics leads to the 
following value '' for the mean square, that is, for e^, 

7 = k'P .^. . . . (28) 

If we replace E by the value obtained from Planck's Law of ^ 
Eadiation, we obtain for the mean square of fluctuation an 
expression with two terms,63 in which only one term can be 
calculated on the basis of the classical undulatory theory; 
the second, which greatly exceeds the first in magnitude , 
when the density of radiant energy is low (that is, at high 
frequencies or at low temperatures, in short, when Wien's 
Law is valid), can only be understood when we again picture 
the radiation as composed of indivisible energy-quanta. 

The second of Einstein's two investigations, to which we 
referred above, deals with the fluctuations of impulse which 
a freely movable reflecting plate is subjected to in a field of 
black-body radiation on account of the irregular fluctuations 
of the pressure of radiation. If, in addition, the plate is sub- 
jected to the irregular blows of gas-molecules, under the 
influence of which it executes Brownian movements, there 
must be equilibrium between the impulses which the mole- 
cules on the one hand, and the radiation on the other, im- 
part to the plate. If, now, we assume Planck's Law to hold 
for the radiation, there again follows for the meaii square of ■ 
the variations in impulse due to the radiation an expression. 



TRANSFORMATION OF LIGHT-QUANTA 19 

in two terms, only one of which is explained by the un- 
dulatory theory of light. The other term points to a 
quantum-like structure of the radiation, and this suggests the 
introduction of the light-quantum hypothesis. 

§ 3. Transformation of Light-quanta into other Light-quanta or 
Electronic Energy 

However strange this hypothesis appeared, it was not to be 
denied that it was capable of explaining simply and naturally 
a number of phenomena which completely bafSed the un- 
dulatory theory. A very striking example of this is afforded 
by the laws of phosphorescence, investigated by P. Lenard 
and his co-workers, and especially by Stokes' Law. Por if 
vp is the frequency of the phosphorescent light emitted, 
and ve the frequency of the light exciting phosphorescence, 
then, according to Einstein's coneeption,3' one quantum hvt 
of the exciting radiation is changed through absorption by 
the atom of the phosphorescent substance into one quantum 
hvp of the light of phosphorescence. According to the prin- 
ciple of energy, we must have hvc'^hvp, i.e. ve>vp. And 
this is Stokes' Law. 

Further, another fact in the realm of phosphorescence 
phenomena speaks against the undulation hypothesis and in 
favour of that of light-quanta. According to the classical 
undulatory theory, all molecules of a phosphorescent body 
on which a light-wave impinges, should absorb energy from 
the wave, and thus all simultaneously become able to emit 
phosphorescent light. In reality, relatively only very few 
molecules are excited to phosphorescence at the same time, 
and only gradually, in the course of time, does the number of 
molecules excited increase. It would thus appear as if the 
light-wave falling on the phosphorescent body has not equal 
intensity along its whole front — as the classical theory 
assumes — but rather as if it consists of single energy-com- 
plexes thrown out by the source of light, so that the wave-point 
, possesses, as it were, a "beady" structure, in which active 
portions (light-quanta) alternate with inactive gaps. 
• This conception of the " beady " wave-front had played a 
:part before the advent of Einstein's hypothesis of light-quanta. 
iJ. J. Thomson 88 had tried to make use of it to explain the 
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fact that, when a gas is ionised by ultra-violet light or Eontgen 
rays, only a relatively extremely small number of gas-mole- 
cules are ionised. This is a phenomenon which is quite 
analogous to the above-named phenomenon of phosphor- 
escence ; for these, too, according to Lenard's view, the exci- 
tation consists in the disjunction, through the agency of the 
radiation, of electrons from the molecules of the phosphor- 
escent body, and these electrons attach themselves to " storage 
atoms." On the return of these electrons to the parent 
molecules, energy is set free and sent out as phosphorescent 
light. The ionisation of gases by ultra-violet light or Eont- 
gen rays '^ is also capable of being explained naturally by the 
light-quantum hypothesis. If we suppose with Einstein, 
that one light-quantum hv is used ;Up in ionising one mole- 
cule, then hv > /, where J is the work required to ionise 
one molecule, that is to say, to remove an electron from it. 
We have under consideration here a phenomenon which be- 
longs to the great branch of photo-electric phenomena,^'' i.e. 
the liberation of electrons from gases, metals, and other sub- 
stances by the action of light. According to the hypothesis 
of light-quanta, in all these processes light-quanta are changed 
into kinetic energy of the electrons hurled off from the body. 
If we again adopt Einstein's standpoint, according to which 
one light-quantum hv is transformed into the kinetic energy 
of one projected electron, we must have the following re- 
lation 98 for the energy of emission of the emitted electrons, 
each having a mass m : 

imv" = hv - P . . . (29) 

This is called Einstein's Law of the Photo-electric Effect. In 
this, P is the work that has to be done to tear the electron 
away from the atom, and to project it from the point at 
which it is torn from the atom up to the point at which it 
leaves the surface of the body. For the energy of the emitted 
electrons we thus obtain a linear increase with the periodicity 
of the light which releases them. This law, which many in- 
vestigators have attempted to prove, with varying success 
has recently been verified hy B. A. Millikan^^ for the normal 
photo-electric effect m of the metals Na and Li with such a 
degree of accuracy that we can actually use this method for 
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the exact determination of h. The value found by Millikm, 
h = 6-57 X 10-27, is in good agreement with the value 
h = 6-548 X 10-27 found by Planck from radiation measure- 
ments. 

In an entirely similar manner as was used for the 
phenomena of phosphorescence, the phenomena of fluores- 
cence in the regions of the Eontgen and visible radiations may 
be explained by the hypothesis of light-quanta. The in- 
vestigations of Gh. BarUa, Sadler, M. de Broglie, and 
E. Wagner 6i have shown the following : if a body is inun- 
dated with Eontgen rays, and if the absorption of these rays by 
the body is measured whilst the hardness (i.e. the frequency 
ve) of the rays is varied, the absorption, as we pass from 
lower to higher ve, suddenly increases to a high value for a 
certain value of ve- At the same moment the body begins, 
at the expense of the energy absorbed, to emit a secondary 
Bontgen radiation characteristic of the body itself in the form 
of a line spectrum. It further appears that all lines emitted 
have a lower v than that of the exciting radiation. As a 
matter of fact, the hypothesis of light-quanta requires that the 
radiation-quantum hv of all rays emitted as secondary radia- 
tion should be smaller than the quantum hv of the primary 
exciting rays. For example, the region of frequencies which 
serves to excite the " Z'-series " stretches from a sharply 
defined limit v^. (the so called " edge of the absorption band ") 
upwards towards higher frequencies; whereby v^. is some- 
what larger than the hardest known line (y) of the E^-series. 
In other words, the excitation of secondary Eontgen radiation 
by primary Eontgen rays also obeys Stokes' Law. 

§ 4. The Transformation of Electronic Energy into Light-Quanta 

It is very significant, that the transformation of light- 
quanta into kinetic energy of electrons is also, as it were, 
"reversible," that is, the opposite process also occurs in 
nature, by which light-quanta result from the kinetic energy 
of charged particles. A good example of processes of this 
kind is afforded by the generation of Eontgen rays by the 
impact of quickly-moving electrons (cathode rays) on matter. 
If, say, the characteristic Z'-series of a certain element is to 
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be generated by the impact of cathode rays upon an anti- 
cathode formed of the said element, then the kinetic energy 
E of an impinging electron must exceed a critical value Eg;- 
For if we imagine E changed into a light-quantum hve, then 
ve must fall within the region of excitation of the S^series, and 
must thus be ^ v^ (v^ being the frequency of the edge of the 
absorption band). It follows that E ^ hvj^[= Ej^). From this 
there follows an important relation between the frequency v^ 
of the edge of the absorption band and the critical value Ek 
of the electronic energy, i.e. the smallest value of the energy 
at which the electron is just able to generate the required 
secondary radiation. This quantum-relation E^ = hv^ has 
proved quite correct according to measurements carried out 
by D. L, Webster ^ and E. Wagner, ^^ and conversely presents, 
when Ej^ and v^ are sufficiently accurately known, a method 
for the determination of h.^ 

Now, it is known that the cathode rays, on striking the 
anti-cathode, do not merely excite the characteristic Eontgen 
radiation, that is a line spectrum, but excite a continuous 
spectrum as well, the so-called " impulse radiation " {Brems- 
strahlung). If we therefore select any frequency v of this 
continuous spectrum, the ideas of the hypothesis of light- 
quanta immediately suggest the conclusion that a definite 
minimum energy E^ of the impinging electrons is necessary 
to excite this frequency r, and that we must have E = hv. 
The investigations of D. L. Webster, ^^ W. Duane and F. L. 
Hunt^, A. W. Hull and M. Bice,^E. Wagner, ei F. Dessauer 
and E. Bach^^ have confirmed these formulae with the 
greatest accuracy, and thus form the foundation of one of 
the most trustworthy methods for the precise measurement 
of the magnitude h. The following values were obtained: 
h = 6-50 X 10-^'' (Duane-Hunt) ; /i = 6-53 x 10 -^'' (Webster) ■ 
h = 6-49 X 10-27 {Wagner). 

We also meet with similar phenomena in the visible and 
neighbouring regions of the spectrum. Thus /. Franck 
and G. Hertzes showed that the impact of electrons upon 
mercury vapour molecules can be used to excite a definite 
characteristic fluorescence line of mercury of wave-length 
X„ = 2536i (i.e. v^ = 1-183 . 10«), if the kinetic energy of the 
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electron exceeds a certain critical value E^. In this con- 
nexion they found that the relation E^ = hv^ was again 
fulfilled with great accuraoy.'O We shall return to these 
experiments and others connected with them later, sinCe they 
play an important part in confirming the most recent model 
of the atom. 

§ S- Other Applications of the Hypothesis of Light-quanta 

In a considerable number of other cases, which shall only 
be noticed shortly at this point, the hypothesis of light-quanta 
has proved of value, especially in the hands of /. Starhi^ and 
Einstein. Thus Stark '2 has made use of this hypothesis to 
interpret the fact that the canal-ray particles emit their 
" kinetic radiation " only when their speed exceeds a certain 
value. He has also propounded general laws for the position 
of band-spectra of chemical compounds by arguing on the basis 
of the hypothesis of light-quanta.™ Finally, Einstein w and 
Stark '9 have considered photo-chemical reactions from the 
standpoint of the hypothesis of light-quanta and have enun- 
ciated a fundamental law, which has been verified, at least 
partially, by the detailed investigations of E. Warburg.''^ 

§6. Planck's Second Theory 

In spite of all the successes which the quantum hypothesis 
of light is able to show, we must not leave out of consideration 
that this radical view, at least in its existing form, is very 
difScult to bring into agreement with the classical undulatory 
theory. Since on the one hand the phenomena of interference 
and diffraction, in all their observed minutiae, are excellently 
described by the wave-theory, but offer almost insuperable 
difficulties to the quantum theory of light, it is easy to under- 
stand that few scientists could make up their minds to ap- 
prove of such a far-reaching change in the old and well-tested 
conception of the propagation of light, a change that entailed 
perhaps its complete abandonment. This more cautious and 
conservative standpoint was taken up by M. Planck, who 
retains it to this day, inasmuch as he preferred to locate the 
quantum property in matter (the oscillators) — or at least to 
confine it to the process of interaction between matter and 
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radiation — while endeavouring to retain the classical wave- 
theory for the propagation of radiation in space. None the 
less, serious hindrances had already intruded themselves in 
the development of his first quantum hypothesis (quantum 
emission and quantum absorption). For H. A. Lorentz''i 
pointed out quite rightly that the conception, especially of 
quantum absorption, leads to peculiar difficulties. He showed 
that the time which an oscillator requires for the absorption 
of a quantum of energy turns out to belong to an improbable 
degree when the external field of radiation is sufficiently weak. 
Moreover, it would be possible to interrupt the radiation at 
will before the oscillator had absorbed a whole quantum. As 
a result of these objections Planch determined to modify the 
quantum hypothesis as follows.™ Absorption proceeds con- 
tinuously and according to the laws of classical electrodynamics : 
the energy of the oscillators is therefore continuously variable, and 
can assume any value between and ao . On the other hand, 
emission occurs in quanta, and the oscillator can emit only 
when its energy amounts to just a whole multiple of e = hv. 
Whether it then emits or not is determined by a law of prob- 
ability. But if it does emit, then it loses its whole momentary 
energy, and therefore emits quanta. Between two emissions its 
energy -content grows by absorption continuously and in pro- 
portion to the time. 

According to this second theory of Planck, which is called 
the theory of quantum emission, the mean energy 0" of a 

linear oscillator is -^ greater than in the first theory.'s While 

in the former case the mean energy of the oscillator at abso- 
lute zero was_equal to zero (see equation (9) from which, 
when T = 0, U = 0), in the case of this second theory it is 

equal to -^. The oscillators retain therefore at the zero- 
point a zero-point energy of value -^^ as a mean, inasmuch 

as they assume, when T = 0, all possible energies between 
and hv. Nevertheless, this theory also, when the relation 
(7) is correspondingly modified, leads to Planck's Law of 
Eadiation. 

In the course of time Planck has made several further 
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attempts so to enlarge and modify this second theory too. For 
example, he has temporarily assumed the emission also to be 
continuous, and relegated the quantum element to the excita- 
tion of the oscillators by molecular or electronic impacts. He 
has, however, repeatedly returned in essentials to the second 
form of his theory (continuous absorption, quantum emission). 

§ 7. Zero-point Energy 

In more than one direction, this theory has had further 
results. The appearance of the mean zero-point energy, 
which is peculiar to this second theory of Planck, became 
the starting-point of a series of researches, in which certain 
physicists, going beyond Planck, postulated the existence of 
a true (not mean) zero-point energy equal for all oscillators. 
On this basis, Einstein and 0. Stern 81 have given a deduction 
of Planck's Law which avoids all discontinuities other than 
the existence of this zero-point energy. 

In the year 1916, Nernst 82 took a still more radical step in 
postulating the existence of a " zero-point radiation " which 
was also to be present at the absolute zero of temperature 
and was to exist independently of heat radiation, filling the 
whole of space, and such that the oscillators, as well as all 
molecular structures, set themselves in equilibrium with it by 
taking up the zero-point energy. Even if we regard these 
views more or less sceptically, one thing cannot be ignored : 
many facts undoubtedly support the conception that at the 
absolute zero by no means all motion has ceased. We need 
only draw attention to the fact, that, according to the view of 
F. Bicharz,^^ P. Langevin,^ and according to the experiments 
of Emstein, W. J. de Haas ss and E. Beck,^ Para- and Dia- 
magnetism are produced by rotating electrons and that this 
magnetism remains in existence down to the lowest tempera- 
tures. 

§ 8. Theory of the Quantum of Action 

In yet another respect has Planck's theory proved stimu- 
lating, in virtue of a special formulation which Planck gave 
it 87 at the Solvay Congress in Brussels during 1911. For 
here Planck gave expression for the first time to the idea 
that the appearance of energy-quanta is only a secondary 
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matter, being only the consequence of a deeper and more 
general law. This law, which is to be regarded as the pre- 
cursor of the latest development of the doctrine of quanta, 
may be formulated as follows : Suppose the momentary state 
of a Planck oscillator, say a linearly vibrating electron, to be 
defined according to GihVs method by its displacement q from 
its position of rest and by its impulse or momentum p, and 
suppose it to be represented in a q-p plane (the state- or 
phase-plane). Every point of the q-p plane, that is, every 
phase-point, corresponds to a definite momentary condition of 
the oscillator. The postulate is then made that not all points 
of this plane of states are equivalent. On the contrary, there 




Fig. 2. 

are certain states of the oscillator which are distinguished by 
a peculiarity. The totality of the phase-points that cor- 
respond to these peculiar states form a family of discrete 
curves which surround one another. In the case of the 
Planck oscillator these curves are concentric ellipses (see 
Fig. 2) which divide the phase-plane into ring-like strips. 
The postulate of the quantum theory now consists in this, 
that these ring strips all possess the same area h. If we 
calculate on this basis the energy possessed by an oscillator 
in one of these unique states, we find^that it is a whole 
multiple of hv. These special states ((represented in the 
phase-plane by the points of the discretp ellipses) are, there- 
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fore, according to Planck's first theory, the only dynamically 
possible and stable states of the oscillator. If an oscillator 
emits or absorbs, its phase-point jumps from one ellipse to 
another. The state of affairs is different if we accept Planck's 
second theory. According to this, all conditions of the oscil- 
lator, that is all points on the phase-plane, are dynamically 
possible. On the other hand, emission takes place only in 
the states specially distinguished by the ellipses. Seen from 
this new point of view, the energy-quanta are, therefore, only 
a result of the partitioning of the phase-plane. Mathe- 
matically, we may express this " structure of the phase-plane " 
thus : the nth unique curve encloses a surface of area nh, or, 
in symbolic language, 

\dqdp = \'pdq = nh . . . (30) 

The double integral is taken over the surface; the single 
integral, is taken around the boundary curve of the wth 
ellipse. 

On this basis for systems of one degree of freedom, which 
is called Planck's theory of " the action-quantum " — for h has 
the dimensions of an action — ^the modern extension of the 
quantum theory for several degrees of freedom has, as we 
shall see, been erected. 

Further, a line of argument proposed and developed by 
A. Sommerfeld takes its origin here. Starting from the fact 
just mentioned, that Planck's constant h possesses the dimen- 
sions of action (energy-time), Sommerfeld set up the hypo- 
thesis 89 that for every purely molecular process, say the release 
of an electron in the photo-electric effect, or the stopping of 
an electron by the anticathode in the generation of Eontgen 

rays, the quantity called action {L - V)dt, known to us 

h 
from Hamilton's Principle, has the value ^. Here L and V 

are the kinetic and potential energies of the electron respec- 
tively, -r is the duration of the molecular process, say, for 
example, the time which is required for the release of the 
electron from the atomic complex during the photo-electric 
effect, or the stopping of the electron by the anti-cathode. 
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This formulation of the quantum hypothesis is, as it were, 
an expression of the well-known fact that large amounts of 
energy are absorbed or given up in short times, whereas small 
amounts are absorbed or emitted in longer times by the 
molecules, so that on the whole the product of the energy 
transferred and the duration of the time of exchange is a 
constant. In fact, fast cathode rays, for example, are stopped 
by matter in a shorter time — and therefore generate harder 
Eontgen rays — than slow cathode rays. Sommerfeld has 
applied his theory successfully to the mechanism of the 
generation of Eontgen rays and y-rays.M Sommerfeld and 
P. Debye m have worked out on the same basis a theory of 
the photo-electric effect, which, like the hypothesis of light- 
quanta, also leads to Einstein's Law (29). 



CHAPTKR IV 

The Extension of the Doctrine of Quanta to the 
Molecular Theory of Solid Bodies '^ 

§ I. Dulong and Petit's Law 

IT was a particularly fortunate circumstance for the con- 
solidation of the doctrine of quanta that the failure of 
classical statistics was not confined to the theory of radiation, 
but, as appears later, extended to the molecular theory of solid 
bodies. Thus there arose in quite another field a strong sup- 
port for the quantum hypothesis, namely, in the field of Atomic 
Heats. The Atomic Heat of a substance (in the case of poly- 
atomic bodies we say the " Molecular Heat ") is defined as the 
product of its specific heat and its atomic weight (or molec- 
ular weight) ; or, otherwise expressed, it is that amount of 
heat which must be communicated to a " gramme-atom " '^ 
(or gramme-molecule) of the body, in order that its tempera- 
ture may be raised by one degree. According to our present 
conceptions, the thermal content of a monatomic solid, say 
a crystal, is nothing more than the energy of the elastic 
vibrations of its atoms, which are arranged in the form of 
a space-lattice, about their positions of equilibrium. If we 
apply classical statistics to these vibrations, and particularly 
the law of equipartition of kinetic energy, we arrive at the 
following conclusion : The mean kinetic energy of an atom 

vibrating in space, i.e. with three degrees of freedom, is -^j-, and 

its mean potential energy is equal to the same amount, 9' so 
that its total energy is therefore 3kT. If we now consider 
1 gramme-atom of the body, that is, a system of N atoms 
(where Nia the Avogad/ro number, approximately 6 x 10''''), 
we get for the mean energy of the body, remembering (19), 

E = 3kTN = 3BT . . . (31) 
39 
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where B is the absolute gas-constant. It follows that the 
atomic heat of the body at constant volume becomes : 



S-3ii.5-94 



KJ ■ ■ <^^» 



This is the law of Dulong and Petit,^ according to which 
the atomic heat (at constant volume) of monatomic solid bodies 

has the value 5-94 ?5^, independently of the temperature.^ 

deg. 
This law is actually obeyed by many elements more or less 
closely.*' On the other hand, elements have long been known 
which are far from following this rule, and which show 
systematic diiferences, especially at low temperatures. 

Thus, as early as the year 1875, F. H. Weber 98 found that 

the atomic heat of diamond at - 50° C is about 0"75 ^^ — '-. The 

deg. 

atomic heats of other elements as well (boron, beryllium, 
silicon) have also been shown to be much too small at 
ordinary temperatures. And altogether it appeared that the 
defect from Dulong and Petit's normal value occurs quite 
generally at low temperatures, and becomes the more pro- 
nounced, the lower the temperature. The classical theory 
offered no solution of these low values of the atomic heat.99 

§ 2. Einstein's Theory of Atomic Heats 

Einstein was the first to recognise i"" that in this case, too, 
the quantum theory was destined to solve the dif&culty. 
Precisely as in the theory of radiation, the method of 
classical statistics leads of necessity to a wrong law in the 
field of atomic heats. Hence, here also, we must abandon 
the law of the equipartition of energy. In fact, we need only 
imagine electric charges distributed among the atoms i"' and 
then we see that, exactly like the Planck oscillators, they must 
set themselves in equilibrium with the heat-radiation which 
is always present in the body. This means, however, that 

£.2 

the relation (7), according to which U = —^ K^, must be set 

up between the mean energy U of an atom vibrating linearly 
with frequency •/, and the intensity of radiation K„. If we 
now take Planck's radiation formula (12) as empirically 
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given, it follows immediately that the mean energy U of the 
linearly vibrating atom must possess, not the value kT given 
by classical statistics, but the value given by the quantum 

theory, namely, U = -^^ 



For the atom which vibrates 



i..kT 



in space we get, therefore — by an obvious generalisation — in 

place of the classical value 3kT, the quantum value : -j 

ehT _ 1 
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The heat-content of the gramme-atom will therefore be 

ZNhv 



E = 



kT 



(33) 



e- - 1 

from which we get for the atomic heat at constant volume 
Einstein's formula 



r - ^ - 3i? 



where 



X = 



hv 



(34) 



1)2' kT 

According to this, the atomic heat of monalomic solid bodies 
is not a constant which is independent of the temperature, as 

Dulong and Petit's Law requires, but is a function of =, and 
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is therefore in the case of a definite body {i.e. with v fixed) 
a function of the temperature. Its form is such (see Fig. 3), 
that for T = b (i.e. a; = oo ) the atomic heat itself is 
zero, and then increases gradually with increasing tem- 
perature, approaching asymptotically at high temperatures 
(i.e. with small x) the classical value 3B. Dulong and 
Petit's Law is therefore only true in the limit for small 

values of — , that is, for low frequencies of atomic vibration, 

kT 
or high temperatures, exactly as is the case with Bayleigh's 
Law of Eadiation. The departures from Dulong and Petit's 
Law, in passing from high to low temperatures, become marked 
the sooner the greater the frequency of the atoms. 

§3. Methods of Determining the Frequency 

This frequency v — the only unknown magnitude in Einstein's 

formula (34) — may be determined by several independent and 

very noteworthy methods. One way that is always possible 

is of course the following : For a given substance we choose 

an experimentally well-known value of the atomic heat C* 

which corresponds to a definite temperature T*. From (34) 

x^e' C* 

it follows then that -, -^, = ^, an equation from which 

(e" - If 3B ^ 

X = — !^ can be determined, and thence v. From the v thus 

found the course of the whole G^ curve can be calculated for 
all temperatures, and compared with experiment. 

Besides this " empirical " method of determining v, there 
are a number of other more "theoretical" methods which 
do not require the use of the values of the atomic heat. 
Einstein,^''''' as far back as 1911, discovered an important 
connection between the frequency v and the elastic properties 
of the body. That such a connexion must exist is easily 
recognised from the following considerations : imagine the 
atoms of the body arranged upon a space-lattice, as in a 
crystal, and suppose a certain definite atom arbitrarily dis- 
turbed from its position of rest, then this atom, when released, 
will execute vibrations about its position of equilibrium. If 
we suppose these vibrations to be simply periodic (" mono- 
chromatic ") — we shall, however, soon recognise that this 
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supposition is an inadmissible approximation— we see that 
the frequency V is the greater the smaller the atomic mass 
and therefore also the atomic weight of the body, and the 
greater on the other hand the force which restores the 
atom to Its position of equilibrium. This restoring force is 
however, for its part the stronger, the less extensible and 
therefore compressible the body is. Hence v must turn out 
the greater, the smaller the atomic weight and the compres- 
sibility of the substance. The exact working out of this idea 
led Einstein to the formula los 

2-8 . 10^ 
" = 11^3- ■ • • • (35) 

"Where A is the atomic weight, p the density, and ;. the 
compressibility of the body. 

A further interesting relation, which connects v with ther- 
mal data, namely, the melting-point, was found by F. A. 
Lindemann lo* by working out the conception that the ampli- 
tude of vibration of the atom at the melting-point is of the 
order of magnitude of the distances between the atoms. If 
Ts is the absolute melting-point, then it follows that 

v = 2-8.1012.^ . . . (36) 

Another formula deduced by E. Qrilneisen iM may also be 
given here : 

v = 2-91.10ii.4-s[C*.a-i.pi]„ . . (37) 

Here G^ is the atomic heat at constant volume, and a is the 
coefficient of thermal expansion ; the index means that the 
value of Cla-ipi at absolute zero is to be used. 

From formulae (35) and (36) we recognise at once the 
abnormal behaviour oJE diamond, for example, in respect to its 
atomic heat. For it is known that diamond has a high melt- 
ing-point and very low compressibility accompanied by a low 
atomic weight. Its v is therefore comparatively large, and 
it follows therefore, according to the above considerations, 
that its atomic heat falls helow Dulong and Petit' s value of 

32? = 5-94 '^^ at comparatively high temperatures. In fact 
3 
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cal. 
the atomic heat of diamond at 284° abs. is only 1-35 ^— , at 

413° abs. it is 3-64 -H^', and even at 1169° abs. it reaches only 
deg. 

the value 5'24 -= — • 
deg. 

Finally, particular importance attaches to a relation, first 
discovered by E. Madelung ice and W. Sutherland,^'" between 
the frequency v of the atoms and the optical properties 
of bodies. The two investigators started in this case from 
the following conception : Crystals of diatomic compounds 
(binary salts), such as rock-salt (NaCl), sylvin (KCl), 
potassium bromide (KBr), and others, are known to be 
cubical space-lattices, in which the single atoms carry electric 
charges, and therefore appear as ions. In fact, the points of 
the space-lattice are occupied alternately by the positively 
charged Na+ (or K+) atoms, and the negatively charged Cl" 
(or Br-) atoms. If an electromagnetic light- wave of frequency 
V falls upon this crystal, the two ions are thrown into forced 
oscillations relatively to one another, and further, on account 
of " resonance," the more strongly, the more exactly the fre- 
quency V of the impinging wave agrees with the natural fre- 
quency vr, which lies in the infra-red, of the ions themselves. 
Since the ionic vibrations are set up at the cost of the energy 
of the impinging wave, this energy will be weakened (ab- 
sorbed) the more during its passage through the body, the 
nearer v lies to v,-. On the other hand, the vibrating ions 
radiate back waves of frequency v since they are conapelled 
to execute these vibrations, when set into forced vibration, 
doing so the more strongly, the more pronounced the reson- 
ance is, again, therefore, the nearer v lies to vr. Hence a 
region of maximum absorption and strongest (metallic) re- 
flection will lie in the neighbourhood los of v = vr- These 
regions of metallic reflection of a given substance may be 
detected by the method of " Eeststrahlen " (residual rays) 
worked out by H. Bubens and E. F. Nichols.^"^ For this 
purpose we only require to reflect radiation of a considerable 
range of frequency about v repeatedly from the substance. 
In this way all waves will be gradually absorbed except those 
most strongly reflected. These are, however, just those of 
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frequency vr. They are thus "residual." The ultra-red fre- 
quency vr of the ions therefore agrees with the frequency of 
the residual rays."o On the other hand, this vibration of the 
charged atoms is dependent on the elastic properties of the 
substance, as we recognised in considering the formula (35). 
We thus conclude that the " elastic" frequency of the atoms 
of binary salts agrees to a close approximation with the 
"optical" frequency of their residual rays. But since the 
" elastic " frequency of the atoms determines the behaviour 
of their atomic heat, the ring is thereby closed, and W. 
Nernst "i was thus justified in propounding the fundamental 
law, that in calculating the atomic heat of binary salts, we 
may simply insert for the atomic frequencies v the frequencies 
of the residual rays. 

In this way a number of independent ways were opened 
up for determining the atomic frequencies required for the 
calculation of the atomic heat. A comparison of the various 
values of v determined by these different methods shows in 
general satisfactory agreement, at any rate in order of magni- 
tude. "^ One could hardly expect more, as we shall soon see, 
in view of the many idealised conditions that were used in 
the theory. 

§4. Nemst's Heat Theorem 

With a view to discovering experimentally the general law 
for the decrease of the atomic heat when approaching low tem- 
peratures W. Nernst ii' began in 1910, in co-operation with 
his research students, a series of masterly and widely planned 
researches. For, by an entirely different route from Einstein 

namely, by way of thermodynamics — he also had become 

convinced that the atomic heat of solid bodies must become 
vanishingly small on approaching absolute zero. In his 
opinion this result was only one of several consequences of a 
general principle, namely, a new law of heat."* This Heat 
Theorem of Nernst — often called the Third Law of Thermo- 
dynamics—states, in its original form, the following fact : If 
we regard a system of condensed (i.e. liquid or solid) bodies, 
which passes at temperature T by means of an isothermal 
reaction from one state to another, and if A is the maximum 
work which can be gained from this reaction, then 
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^ = for the limit T = . . (38) 

dT 

that is to say, in the immediate neighbourhood of absolute zero, 
the mapsimum work which can be gained is independent of the 
temperatur '. But it follows immediately from this, if we 
apply the two laws of thermodynamics.'is that for any 
reaction which changes the system from the initial condition 
with energy Uj to the final condition with energy CTj, the 
relation holds that 

gi = ^^forthelimitr = . . (39) 

Now, since -^^ , if we take a gramme-atom of the substance, 

gives the atomic heat, we are led to enunciate the following 
rule : in the immediate neighbourhood of absolute zero, the 
atomic heat of condensed systems remains iinchanged during 
any transformation. 

Planck 116 has given Nernst's Theorem a still more general 
form : Not only the difference of the atomic heats (before and 
after the reaction) is to assume the value at absolute zero, but 
also each atomic heat itself is to do the same. Thus it follows 
from the extended Nernst Theorem, in agreement with the 
demands of the quantum theory, that the atomic heats of 
solid bodies disappear at absolute zero. 

§ S- The Improvement on Einstein's Theory of Atomic Heats 

The experiments of Nernst and his collaborators proved 
quite convincingly that the atomic heat of all solid bodies 
tends towards a zero value as the temperature falls. In 
the main, the courses of these decreasing values showed a 
notable agreement with Einstein's formula (34). At low 
temperatures, however, systematic discrepancies were found 
in all cases, in the sense that the observed atomic heatg fell 
off much more slowly than Einstein's formula demanded."' 
W. Nernst and F. A. Lindemann us tried to take these dis- 
crepancies into account by constructing an empirical formula 
and this actually expressed the observations much more 
accurately than did the Einstein formula. This Nernst- 
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Lindemann formula, which is now only of historical interest, 
is as follows : — 






3B 



2 « 

e2 



[''-^^' (el-lj 



hv 
where x '^ -rm . (40) 



It receives a meaning if we suppose that one half of all the 
atoms vibrate with the frequency v, the other half with the 

y 

frequency „ • While this supposition is untenable in this 

raw form, it contains a kernel of truth, namely, recognition 
of the fact that the "monochromatic" theory of atomic 
heats, which assumes only a single fixed frequency v for all 
atoms, goes too far, being an idealisation of the real state of 
affairs. Einstein, who at first, for the sake of simplicity, 
reckoned with only one frequency, had himself already 
recognised how matters stood, and drawn attention to the 
need for amending his theory."* Nowadays, in fact, we think 
of a solid body, say a crystal, as built up of atoms regularly 
arranged upon a space-lattice, according to Bravais' concep- 
tion ; and this hypothesis has been verified as a certainty 
through Laue's discovery of the interference of Eontgen rays. 
In such a complicated mechanical system, however, the 
single atoms do not vibrate independently of one another 
with a single frequency v. But the position of equilibrium 
of each atom, -and thereby the type of its oscillations about 
that position, is determined rather by the forces which all the 
other atoms of the body exert upon the atom in question. 
We are confronted with a structure which is comparable to 
the one-dimensional case of a vibrating string, and which 
thus possesses a whole spectrum of natural frequencies, 
corresponding to the overtones of the string. If the body 
consists of N atoms, it possesses in general 3N natural 
frequencies,i20 of which the slowest are sound waves, while 
the quickest fall in the infra-red. The most general possible 
movement of each atom then consists in a super-position 
of all these natural frequencies. Now, since each natural 
frequency represents a linear, i.e. simple periodic, motion, 
exactly like the motion of a Planck oscillator, the idea 
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naturally suggested itself, in calculating the energy-content 
of the body, to allot to each natural frequency of period v the 

theoretical quantum amount -j;;; as if the natural period 

were identical with a linear oscillator. The total mean 
energy of the body then becomes 

3^• 

^=1-4^ • • • ^''^ 

<=i esr _ 1 

in which the -summation is carried over all 3N natural 
frequencies v^, v^, v^, . . . v^s, that is, over the whole elastic 
spectrum of the substance. By differentiation with respect 
to T we obtain the atomic heat 



% 6. Debye's Theory of Atomic Heats 

The kernel of the problem thus consists in calculating the 
"elastic spectrum" of a given body, that is, in determining 
for any body the position of its natural periods. In this sense, 
the theory has been worked out from two different sides ; on 
the one hand by P. Dehye}^^ who took an elastic continuum 
as an approximation to the actual atomically constructed 
body, and on the other by M. Born and v. Kdrmdn,^^ who 
replaced the crystal of limited size by one of infinite di- 
mensions. The difference between these two methods of 
approximation causes the main problem, namely, the working- 
out of the elastic spectrum, to be solved quite differently in 
the two cases. The Debye theory, which from the outset 
leaves out of consideration the crystalline, and even the 
atomic, structure of the body, rests upon the classical theory 
of elasticity, which, of course, treats bodies as structureless 
continua. From it follows the important law : the number 
Z(v)dv of all those natural periods, the frequency of which 
falls within the interval f, v + dv, amounts to "23 
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(43) 



Here V is the volume of the body, ci and ct are the velocities 
with which longitudinal and transverse waves, respectively, 
are propagated within the body. In this ease, however, the 
following difficulty occurs in replacing the body, which in 
reality consists of N atoms, by a continuum, namely, the 
elastic spectrum extends to infinity, that is, the number of 
natural frequencies becomes infinitely great. For example, 
the number of natural frequencies (fundamental tone and 
over-tones) of a linear string of length L are 

vi = Cf ^ and vi = cj • ~ respectively (« = 1, 2, . . . xi ) 

according as to whether we are considering transverse or 
longitudinal frequencies. The series of overtones therefore 
extends without limit to infinity. In reality, however, as the 
body consists of N atoms (mass-points), it may not possess 
more than 3N natural frequencies. In order to attain this, 
Debye helps himself out by means of the following bold 
supposition. Instead of calculating strictly the elastic spec- 
trum of the real body consisting of N atoms, he replaces it by 
that of the continuum as an approximation, but breaks it off 
arbitrarily at the 3Nth natural period. Debye thus gets the 
greatest frequency vm which occurs, that is, the upper limit 
of the elastic spectrum, from the condition : 



\Z{v)dv = 



4=7rF/l 






= 3N 



therefore 



9N 



i^Vl'l +^„ 



r _ 



(44) 



The atomic heat of the body, which follows from (42), is 

VkTJ ' ^ 
G,^h-]f±l—^,-Z{v)dv 

(e*y - l) 
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a result which can easily be brought into the following more 
simple form : 124 



The atomic heat is therefore only a function of the magnitude 
x-m, that is, it depends only on the ratio ^ : here ^ = p^ 

This result may be expressed in Debye's terms thus : reckon- 
ing the temperature T as a multiple of a temperature which 
is characteristic of the particular body, then the atomic heat is 
represented for all monatomic bodies by the same curve. Hence 
we must be able to bring the Gv curves of all monatomic 
bodies into coincidence, if only the scale of temperature be 
suitably chosen for each substance. ^^ For high tempera- 
tures, the Debye formula passes over, as it must do, into the 
classical value of Dulong and Petit, G„ = 3i2,i26 just as do 
the Einstein and Nernst-Lindemann formulae. On the other 
hand, it differs from these latter in falling much more slowly 
at low temperatures. For while the atomic heats, according 
to both Einstein and Nernst-Lindemann, fall exponentially 

(. , 1 constX 

wi™ Tpi'^' T 1 at low temperatures, Debye's formula leads 

to the fundamental law,ia' that the atomic heats of all bodies at 
low temperatures are proportional to the third power of the 
absolute temperature. 

It is further remarkable, that we may write formula (44) 
for the maximum natural frequency in a form such that only 
measurable magnitudes occur in it. For if we express the two 
velocities of sound Ct and ci in terms of the elastic constants of 
the body, and replace the volume V of the gramme-atom by 
ii, ,■ , atomic weight (A) . 
the quotient density ( ) ' ^' ^°llo^s that la* 



5-28 . 107 . ^(o- 



(46) 
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In it K is again the compressibility of the body, cr the 
Poisson ratio, that is, the ratio of the transverse contraction 
to the extension. The similarity of this formula with the 
Einstein relation (35) strikes one immediately. But in this 
case the second elastic constant of the isotropic body, a-, 
enters into the equation as well. Altogether, the upper limit 
vm of the elastic spectrum, at which, as one can show,i29 the 
natural frequencies always crowd together closely, plays in 
the stricter theory an analogous r61e to that played by the 
single natural frequency v in the " monochromatic " theory. 

Comparison with experiment shows iso that the Debye 
formula, at any rate for the monatomic elements such as 
aluminium, copper, silver, lead, mercury, zinc, diamond, de- 
scribes the course of values of the measured atomic heats 
very accurately. Particularly at low temperatures, the pro- 
portionality between the atomic heat and the third power of 
the absolute temperature receives fair confirmation .I'l In 
view of the fact that the idealised view (replacement of the 
actually atomic body by a continuum) is carried very far, we 
must not regard the agreement between theory and experi- 
ment as self-evident. At low temperatures, Debye's idealis- 
ation will justify itself. For then p=, is large, and hence the 

amount of energy ^ is small, excepting when v itself as- 

ekT - I 
sumes sraall values. At low temperatures, therefore, only long 
waves will contribute sensibly to the energy of a body, and hence 
to its atomic heat. For long waves, however, that is, for 
waves, the length of which is great compared with the dis- 
tance between the atoms, the specific atomistic construction of 
the body plays no part ; for them the substance is almost a 
continuum. The position is quite different at high tempera- 
tures, at which the longer frequencies up to the maximum v,ii 
(that is, the shorter waves down to the smallest) furnish con- 
tributions of energy. For the waves which correspond to the 
highest frequencies possess lengths, as can easily be shown,i32 
which are comparable with the distances between the atoms, 
and for these shorter waves the medium cannot fail to betray 
its atomic structure. Here, therefore, its replacement by a 
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continuum becomes questionable since the approximation is 
only very rough. 

§ 7. The Lattice Theory of Atomic Heats according to Born and 
KArman. The Elastic Spectrum of the most general Crystal 

At this point the above-mentioned investigations of Born 
and Kdrmdn intervene, which, going beyond Dehye, take 
account of the real crystalline structure of the body, that is 
to say, the space-lattice arrangement of the atoms. In order 
to overcome the great mathematical diJEeulties involved, they 
imagined, as has already been said, the actual limited crystal 
replaced by one extended indefinitely. Thus the disturbing 
effect of the surface on the interior could be eliminated, so 
that now all atoms were exposed to the same conditions. 
Here also the main problem is again to determine the elastic 
spectrum, or — if we dispense with the exact calculation of 
the proper frequencies — at least to discover the law, accord- 
iiig to which the proper (or natural) frequencies are distributed 
among the different regions of frequency. This problem was 
first solved by Born and Kdrmdn for regular crystals. The 
laws thus obtained were then extended to the case of simple 
point-lattices of arbitrary symmetry, and finally, Born de- 
duced them, in his "Dynamics of the Crystal Lattice," for 
the most general form of space-lattice.iss 

These most general space-lattices arise from the periodic 
repetition in space of a definite group of atoms and electrons 
(basic group) which on the whole is electrically neutral, and 
is enclosed in a parallelepiped of space, the " elementary 
parallelopiped." In Fig. 4 such a lattice, in this case, how- 
ever, plane, is illustrated, in which the basic group consists 
of three particles (• o x). All • particles form together a 
simple lattice, as do the o and x particles. We have in this 
way three interlocked simple lattices. 

Thus, for example, the halogen compounds of the alkalies 
(NaCl, LiCl, KCl, KBr, KI, RbCl, EbBr, Ebl, and so forth) 
form cubic space-lattices, in which the lattice points are 
alternately occupied by the positive alkali ion and the negative 
halogen ion (see Kg. 5). If we regard the whole cube here 
pictured as the " elementary cube," then the basic group would 
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contain eight particles, namely, four ions of each sort (they are 
numbered here). We have thus eight interpenetrating simple 
lattices. Every four of them would, however, consist of the 
same kind of particle. Hence it is advisable to select in this 
case in place of the cube the rhombohedron (double-lined in 




the figure) as the elementary parallelopiped. Then the basic 
group consists only of the two different particles 1 and 8, of 
which the one lies in a corner, the other in the middle of the 
parallelopiped. In fact we can get the whole lattice by displac- 
ing the basic group in the direction of the three rhombohedral 
edges a distance equal to a whole multiple of the length ot 
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the edge. The lattice consists therefore, according to this 
view, of two interlaced simple cubical atomic lattices. Further- 
more, they are " surface-centred " lattices, that is to say, such 
that not only the corners of the cubes, but also the middle 
points of the cube-surfaces, are occupied. If in the most 
general case the basic group contains s different particles, the 
lattice consists of s interlaced simple lattices. 




O /^a' 

• c/- 

PlG. 5. 

In order now to get a general view of the laws which 
govern the elastic spectrum of such a most general crystal, 
we proceed according to Born and Kcirmdn as follows : We 
imagine an elastic wave of definite wave-length and definite 
direction (the normal to the wave front) passing through the 
crystal. For each wave thus defined there are 3s natural 
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frequencies with periodicities v-^ v^ v^ . . . ^^,. The first three 
frequencies v^, v.,, vg correspond to those natural frequencies 
of the crystal, by which the single interpenetrating simple 
lattices are similarly distorted to a first approximation with- 
out being compelled to move relatively to one another. 
These are the three ordinary acoustic natural periods (one 
longitudinal, two transverse). The remaining 3(s - 1) 
frequencies, on the other hand, correspond to another type 
of motion of the crystal, namely, to those natural frequencies 
with which the single simple lattices oscillate with respect to 
one another without distortion. If the basic group contains 
only one particle (s = 1), i.e. if the crystal consists of only a 
simple lattice, this second type of motion disappears alto- 
gether, and we are left with only the three acoustic natural 
frequencies i/j, vj) "s- If, on the other hand, we are dealing 
with a crystal, say of the halogen compounds of an alkali, 
for example, rock-salt (NaCl), s = 2, there exist, as we have 
seen, besides the three acoustic oscillations, three further 
natural frequencies of the second type. In consequence 
of the regular crystal character of the alkaline halides, these 
three natural frequencies exactly coincide, at any rate for 
long waves, and give rise to that motion in which the sodium 
lattice vibrates approximately as a rigid structure against the 
likewise rigid chlorine lattice. We see at once that it is 
just the natural frequency last considered that will play the 
chief part in the optics of these crystals. For when an 
electromagnetic wave meets the crystal, the sodium ions 
are driven by the electric force of the wave to the one side, 
and the oppositely-charged chlorine atoms are drawn to the 
opposite side. It is thus just the type of vibration described 
above that is brought about. If the frequency of the 
external wave approaches closely to that of the natural 
period, resonance occurs. These infra-red vibrations, there- 
fore, are what determine the course of the refractive index, 
especially in the infra-red. They are the so-called " infra- 
red dispersion frequencies." It is also in their neighbourhood 
that the places of metallic reflection lie which are detected 
by the method of residual-rayS. 

What has just been stated for the special case s = 2 
(alkaline halides) may, of course, be immediately generalised. 
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For if the basic groups consists of s different particles, it 
is just the 3(s - 1) natural frequencies that determine the 
dispersion of the crystal. Among them are those, in the 
neighbourhood of which the regions of metallic reflection 
(residual rays) lie. If the basic group contains p positive 
atomic residues and s - p electrons, the frequencies v^ . . . Vg, 
fall correspondingly into two classes : the first class consists 
of 3{p - 1) infra-red frequencies, which arise from the 
atomic residues ; the second consists of 3(s - p) ultra-violet 
frequencies, which are to be ascribed to the influence of the 
electrons. The infra-red natural frequencies decide the 
course of the refractive index in the infra-red, the position 
of the residual rays, and, as we shall see, the atomic heats ; 
the ultra-violet natural frequencies, on the other hand, deter- 
mine chiefly the refractive indices in the visible and ultra- 
violet. Incidentally, the general lattice-theory of Born '3* 
confirms the law previously enunciated by Haber i3s that the 
frequencies of the first class (infra-red) bear the same ratio to 
the second (ultra-violet) class, as regards order of magnitude, 
as the square root of the mass of the electron bears to the 
square root of the mass of the atom. 

After this digression let us now return to our starting-point. 
Up to the present we have always considered a wave of 
definite length A. and with a definite normal direction n, and 
we have seen that corresponding to it there are, in the most 
general case, 3s natural frequencies Vj . . . v^,. Let us now 
allow the wave-length X to vary continuously, keeping the 
wave-direction constant, by going from infinitely long waves 
to the smallest. Then each of the 3s natural frequencies will 
also vary continuously, and will pass through a continuous 
range of values. In other words, the 3s natural frequencies 
are certain functions of the wave-length X : 

From this, however, we learn the fundamental fact that all 
these ranges of values of the single natural frequencies are 
only finite in extent and that, therefore, each of the 3s continua 
of frequencies automatically breaks off at a highest limiting 
frequency. " Automatically," i.e. without our arbitrary assist- 
ance (as in Debye's case), solely on account of the analytical 
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form of the function /j. This is explained by the fact that 
the wave-length A. of possible waves in the crystal has a 
lower limit set to it : waves of length below a certain lowest 
value cannot exist. This is most simply recognised from the 
following instructive example. If we consider a simple 
cubical lattice having the atomic distance a, and examine, 
for example, longitudinal waves, which are being propagated 
along an edge of the cube — so that all atoms on an edge at 
right angles to this side oscillate in the same phase in the 
direction of the edge — then we see at once that the smallest 
wave that is possible here has the length Xmin = 2a. For 
this wave, namely, successive planes of the cube swing 
in opposite phase, that is, "against" one another. The 
functional relation between v and A assumes the special 
form : ^^ 

v = r™sin(!j) . . . (47) 

For infinitely long waves (X = oo ), v = ; if we pass on 
to shorter waves, v increases continuously, until, for X = 2a, 
it reaches its maximum value vm- At this limiting frequency 
vm the range of possible v's breaks off automatically. 

Up to the present we have given the wave-direction {n, the 
direction of the normal) a certain fixed value, and have 
allowed the wave-length A. to vary. We now give the wave- 
direction by degrees other values, and at each step we allow 
the wave-length to vary from the value co to the least 
possible value. Then the nature of the functional dependence 
of the magnitude vi or X, and the position of the limiting 
frequencies also change continuously with the wave-direction, 
so that we may say: the 3s natural frequencies are, in 
general, continuous functions of the wave-length X and of 
the wave-direction n : 

n =/i(X, n), (* = 1, 2, 3, . . . 3s) . (48) 

In it, each of the functions /» breaks off automatically for a 
minimum value of the wave-length at an upper limit 
(vi)max which itself stUl depends on the wave-direction. 
These equations express the law of dispersion of waves m 
crystals, for they determine for each wave the 3s frequencies 
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vi and hence also tell us how the rates of propagation 
gf; =1 vfX depend on the wave-length and the wave-direction. 
The dispersion law becomes particularly simple in the region 
of long waves : for the three acoustic vibrations the re- 
lations 137 

vj = nj-J, 7', = 22i_J, V3 = i^ . (49) 

hold. In them the three magnitudes g'i(w), gjW- ^^^ S'aW 
are three, in general different, functions of the wave- 
direction. And further, these are the three velocities of 
propagation of the three acoustic vibrations. In the region 
of long waves, therefore, the three velocities of propagation 
of the three slow acoustic vibrations are independent of the 
wave-length to a first approximation. 

The dispersion law (for long waves) assumes a very 
different appearance for the 3(s - 1) rapid vibrations 
f^,v^ . . . Vj,. It assumes the form 

n = vo + pM (i = 4, 5, . . . 3s) . (50) 

here the v'l's are constants, the pi{n)'a are again certain 
functions of the wave-direction. The velocities of propaga- 
tion here assume the values 

qi = vjX = v»A + pi{n) . . . (51) 

and would thus be linear functions of the wave-length. 

We may summarise thus : the elastic spectrum of the most 
general crystal, the basic group of which contains s particles, 
consists of 3s separate parts (" branches "). Each part consists 
of a finitely extended continuum of frequencies. The three first 
parts contain the totality of all slow, acoustic natural fre- 
quencies {sometimes called "characteristic"). The remaining 
3(s - 1) parts include the rapid {infra-red and ultra-violet) 
natural frequencies, which play the chief part in determining 
the optical dispersion and the positions of metallic reflection. 

§ 8. Continuation. The Law of Distribution of the Natural 
Frequencies 

While this knowledge of the general character of the elastic 
spectrum is, as we shall soon see, of great value, it is none 
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the less insufi&cient for the question of the energy-content and 
molecular heat of the crystal, inasmuch as, even for the 
simplest crystal, a strict calculation of the elastic spectrum 
is not possible at the present time. We know, however, on 
the other hand, that we need not know the whole details of 
the elastic spectrum to calculate the energy-content and the 
molecular heat, but that it suffices to know the law according 
to which the natural frequencies are distributed over the 
elastic spectrum (or its individual "branches"). This is 
the more true, the closer together the natural frequencies 
lie. Now, in reality the finite crystal possesses, if it con- 
sists of the basic group (of s particles) N times repeated, 
3Ns natural frequencies, which are distributed so that N fre- 
quencies fall to each of the 3s branches of the spectrtim. If N 
becomes infinite, the N individual natural frequencies of each 
branch merge into one another to form a continuum, and we 
get exactly the elastic spectrum that we have just been con- 
sidering. We see from this, that the more we are justified 
in replacing the finite crystal by one of infinite extent the 
better our results if we know only the distribution law of the 
natural frequencies (without knowing their position exactly). 
The law of distribution of the natural frequencies, which 
was discovered by Born and Kdrmdn and extended by Born 
in his " Dynamics of the Crystal Lattice " to the most general 
type of crystal, may be formulated thus : Select from the 
totality of all elastic waves the small groii/p, whose lengths lie 
between X and X + dX, and whose normal direction lies in the 
elementary solid angle "8 dO. Each of the 3s branches of the 

spectrum then contribute - dXdQ natural frequencies to this 
group. Here V denotes the volume of the finite crystal. 

§ 9. Continuation. The Atomic Heats at Low, very Low, and 
High Temperatures 

The knowledge of this law of distribution allows us to 
write down at once the thermal capacity of the crystal con- 
sisting of Ns particles. From (42) it is : 
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(52) 



This formula is to be interpreted as follows : the natural fre- 
quencies vi are, by (48), to be expressed as functions of the 
wave-length A. and the wave-direction n : then the integra- 
tion is to be performed with respect to \ from the smallest 
wave-length A.„(w), which itself depends upon the wave- 
direction n, up to the maximum X = a> . The result of this 
integration still depends on the wave-direction and the index 
i. Finally, integration is to be performed over all directions 
(that is, over all elementary solid angles between and in-) 
and summation over all 3s branches of the spectrum. But 
we have seen that the 3s branches of the spectrum fall into 
two groups. The first 3 branches (i = 1, 2, 3) contain the 
totality of slow acoustic natural frequencies; for these 
branches we have the dispersion law (49) which is valid for 
long waves. The remaining 3(s - 1) branches contain the 
totality of the quick (infra-red and ultra-violet) natural fre- 
quencies, with the entirely different type of dispersion law 
(50), which also holds for long waves. Hence the sug- 
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gestion naturally occurs of dividing the sum y of (52) into 

i = 1 

two parts, corresponding to the two different groups of fre- 
quencies and of writing 



where 



r„ = r'J' + r 



^(2) 



rw = kv 



T<-V = kV 



(53) 



These still very complicated formulae may, according to 
Born, be brought into a very simple and comprehensive form 
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by limiting our considerations to low temperatures and in- 
troducing certain approximations. As we have already re- 
cognised, at low temperatures only the long waves contribute 
to the energy-content. Hence we shall apply in formula (53) 
all those approximations which are introduced by confining 
ourselves to long waves. Let us consider first T^f. Here we 
set in place of the v/s of (50) the constant values v°, which 
are independent of the wave-length A. and of the wave- 
direction. If we do this, we can place the constant factors 

: i in front of both integration signs, and write 






r(2) 



6S 

-"1 



xH'i 



.je=w _ 1)2 



iJT CD 

A„(»t) 



, where Xi = '■ 
kT 



The factor in square brackets has, however, a simple meaning. 
From the law of distribution of the natural periods we see, 
namely, that this factor gives the sum-total of all natural 
frequencies that occur in one of the 3s branches of the 
spectrum ; it therefore has the value N, which as has already 
been said, is the number of basic groups which go to make 
up the crystal. If we choose the piece of crystal under con- 
sideration such that its siize is so that N is equal to the 
Avogadro number, then if we remember that Nk = B for 
r(2), the expression 

follows. If we compare this result with (34) we see that T^f 
— excepting for the missing factor 3 — consists of 3(s - 1) 
Einstein functions. We write the expression in the form 

St ,0 

r(2)=_i^^(a;i), where a;i=_^ . (55) 

in which the abbreviation is obvious. The fact that, in using 
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these approximations, we come across Einstein factors, i.e. 
that we encounter the " monochromatic " theory, might have 
been anticipated. For since we treated the v's here as con- 
stants that are quite independent of wave-length and wave- 
direction, these vibrations represent processes which have 
nothing to do with the propagation of elastic waves in the 
crystal as a whole : and this means that the individual 
particles, uncoupled as it were, perform 3{s - 1) mono- 
chromatic vibrations. 

The approximate evaluation of the first part T^^ is quite 
different. For here we have to use for the frequencies 
i/j, v^, Vg, the relations (49), which connect the three acoustic 
natural frequencies with wave-length and wave-direction. 
Here we have therefore to deal with three real elastic oscilla- 
tions, which are propagated in the crystal with the three 
different acoustic velocities q-^n), 22W. ffsC™)! each of which 
depends on the direction (n). The crystal acts here as a 
dynamic whole, exactly as in Debye's point of view. Hence 
we may conjecture that T'J' allows itself to be brought 
into the form of three Debye functions (45). The more 
exact calculation confirms this supposition, and gives us 1*" 

3 ^^ 

r'i' = ^^zd(^^^^ • • ^''^ 

i = l 

which, taking Debye's formula (46) into consideration, we 
may write in the following immediately intelligible form : 

r? = §J^(^) • • • (57) 

t=l 

The three magnitudes Xi here play the part of three upper 
limits of frequency. Their values are 



Xi=;-^.^l^=^ . . . . (58) 



where the three magnitudes qi represent certain mean direc- 
tions of the acoustic velocities, which therefore no longer 
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dependbn the wave-direction. Prom (55) and (57) we get for 
the thermal capacity of the piece of crystal considered 

r« = gni3(^i)+ ^E{xA . . (59) 

U=l 1 = 4 J 

Now, since N particles of each of the s different kinds of 
particles are present, that is one gramme-atom of each kind 
of particle exactly— for N is the Avogadro number — the piece 
of crystal contains s gramme-atoms of different sorts of 
particles. If, therefore, we cut the crystal into s equal 

pieces in such a manner, that each piece comprises only ^ 

basic groups, then each of these pieces contains a so-called 
" mean " gramme-atom. Hence if we now consider only a 

single one of these pieces, its thermal capacity is — ; we call 
it the " mean atomic heat " C^, and we may write 

3s 1 

ixi) + 2 E[x,) \ ■ . (60) 




Here the ic/s have the same meaning as in (58). For the 

. ■ . N 

piece of crystal now under consideration consists of — basic 

groups, and has therefore the volume — . Formula (58), 
however, obviously remains unchanged when we replace in 

it N and 7 by — and — . The quantity -, the volume of a 
s s s 

mean gramme-atom, is also called the mean atomic volume. 

In the case of chemical compounds, in which several sorts 
of atoms occur in the basic group, and also in the case of 
polyatomic elements, in which the basic group contains several 
particles of a like sort, we frequently speak of the molecular 
heat. In doing so, we follow the usual chemical conception, 
inasmuch as we imagine the s particles of the basic group 
divided into one or several sub-groups, and regard each sub- 
group, taken alone, as a molecule. If then the molecule 
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contains q atoms, then qG, is the mean molecular heat; for 
example, the basic group of rock-salt (NaCl) contains one 
sodium ion and one chlorine ion. The whole piece of crystal, 

which, by definition, contains - = -^ basic groups, comprises 

therefore — sodium ions and the same number of chlorine 
A 

ions, that is to say ~ " NaCl-molecules." q is in this special 
A 

case equal to 2. Hence 2C„ represents the thermal capacity 

of N " NaCl-molecules," that is, the mean molecular heat of 

rock-salt. 

If among the s particles of the basic group there are p 
atomic residues and s - p electrons, the number of Einstein 
factors in (59) reduces to 3(p - 1), since the 3(s - p) ultra- 
violet frequencies arising from the s - p electrons contribute 
only in a vanishingly small degree to the atomic heat as com- 
pared with the infra-red. We thus arrive at the law : the 
mean molecular heat of a crystal wJwse basic group includes p 
{similar or different) atomic residues, is made up, at a suf- 
ficiently low temperature, of three Debye terms {with, in general, 
three different upper limits of frequency) and 3(p - 1) Einstein 
terms {in ivhich the 3{p~l) infra-red natural frequencies for 
long waves appear as frequency numbers). 

When we descend to the lowest temperatures, the Einstein 
terms disappear exponentially, and only the three Debye terms 
remain, for these, as we know, decrease much more slowly. 
In them we can further replace all the upper limits of the 
three integrals (see (56)) by oo , so that the integrals thereby 
become numerical constants. Remembering (58) we get the 
fundamental law, that the molecular heat of every crystal at 
the lowest temperatures is proportional to the third power of 
the absolute temperattcre. So the general lattice theory con- 
firms Debye' s result. The formula obtained has the following 
simple form : i*i 

o.-'^^if) ■ ■ ■ («) 

where Va is the " mean atomic volume " 

mean atomic weighty 



/ _ mean atomic weightN 
\ mean density ) 
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and q represents a quantity which, if suitably defined, may be 
called the naean acoustic velocity, introduced in place of the 
three different acoustic velocities q-^, q^, q^. 

Also in the other extreme case, for high temperatures, a 
very useful formula can be obtained, as H. Thirnng^i^ 
showed. He started from (52) and developed the exponential 
functions in series. The following value is then obtained for 
the mean atomic heat : 

«-»{i^&(H.)'-4(r.)'-sSo(i|.)*-.-H 

where the coefficients Jj, J^, J3, . . . depend in a complicated 
manner on the elastic constants of the crystals, the atomic 
masses, and the atomic distances. 



§ 10. Tests of the Born-Kartnan Theory 

How do matters stand with regard to the testing of the 
Born-Kdrmdn Theory? We see at once that it is incom- 
parably more difficult than in the case of Debye's Theory : for 
even in simple cases, the calculation of the mean atomic 
heat of a crystal is very complicated, and requires above all 
a more exact knowledge of its elastic behaviour than we at 
present possess. Only by restricting our attention to low 
and very low temperatures on the one hand, where the 
formulae (60) and (61) may be applied, and, on the other, 
to the region of high temperatures, within the limits of 
applicability of Thirring's formula (62), are we enabled to 
carry our calculations for a number of simple substances to 
the point of comparison with experimental results. Born 
and Edrmdn themselves, in one of their first publications "3 
tested the formula (61), valid for the lowest temperatures 
{Debye's T^-law), by comparing its results with those of 
experiment. They limited themselves in this case to metals 
(Al, Cu, Ag, Pb) which, however — at any rate in the usual 
form — are not proper crystals, but irregular crystalline 
aggregates. For this reason, they proceeded as if the metal 
were an isotropic body, and obtained the mean acoustic 
velocity— the only quantity in (61) which in general requires 
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extensive calculation — from the following relation which 
holds for isotropic bodies : '« 

Here q^ and q^ are the velocities of propagation of the 
longitudinal and transverse elastic waves, magnitudes, there- 
fore, which may be simply calculated from the two elastic 
constants of the isotropic body and its density.''* The 
agreement of the values of G^ thus found with the experi- 
mental data is, especially in the case of Al and Cu (and also Pb), 
quite good. A. Eucken i'^ has, however, pointed out rightly, 
that no weight should be attached to this agreement. For 
the values of the elastic constants which Born and Kdrmdn 
used for calculating g^ and q^ are those which are correct at 
the ordinary room temperature. If we take their dependence 
on temperature into account, the good agreement between 
theory and experiment disappears. Metals are, indeed, not 
isotropic bodies, and hence it is not permissible to use the 
observable elastic constants, which depend upon temperature, 
in calculating q. 

Matters are much more favourable in the case of real 
crystals, in which, as experiments by E. Madelung i« show, 
the elastic constants vary very little with temperature. But 
here the calculation of the mean acoustic velocity q gives rise 
in general to notable difficulties,!*^ which may, however, 
be cleared away in simple cases by a very practical method 
due to L. Hopf and G. LechnerM^ Eopf and Lechner were 
thus enabled successfully to carry out the calculations for 
sylvin (KCl), rock-salt (NaCl) fluor-spar (CaFj) and pyrites 
(FeSj). They proceeded to calculate the quantity q from the 
observed values of 0», assuming the correctness of formula 
(61), and they then compared these with the value of q 
calculated from elastic data. The result showed very satisfac- 
tory agreement. iM 

It is of particular interest to test the very clear formula 
(60) which gives the mean atomic heat as a sum of three 
Debije functions and 3(s - 1) Einstein functions. Here the 
three infra-red natural frequencies v^, v^ v^ coincide, and the 
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three Einstein functions become equal to one another. If we 
introduce the further approximation of replacing the three 
different quantities a;, in the Debye formula by a mean value 
X, it follows that 

Gv = ^{D{x) + E{x)} . . . (64) 

In this we use th^ value of x deduced from formula (58) 
by merely replacing qi in it by a mean value q, which can be 
calculated by the method of Hopf and Leohner just mentioned. 

x, on the other hand, according to (54), = ^ , where v" is the 

infra-red natural frequency of the crystal (for long waves), 
which may be determined from the dispersion in the infra- 
red or by the method of residual rays. 

Formula (64) had already been given, previously to Born, 
by W. Nernst,'^^^ who, however, based his argument on a 
supposition which is no longer tenable. Nernst started 
from the conception that, for example, in the case of rock- 
salt, the NaCl-molecules are located upon the points of the 
space-lattice, and that the most general state of oscillation 
of the lattice arises from the superposition of two modes of 
motion, firstly the oscillation of the whole molecules in the 
lattice-structure, which give a Debye term, and secondly the 
intra-moleeular oscillations of the two atoms, which, being 
almost monochromatic, lead to an Einstein term. The 
agreement of the Born-Nernst formula (64) with the ex- 
perimental data is not very satisfactory in the case of NaCl 
and KCl, but much better in the case of AgCl, which belongs 
to the same crystal type.i^z The reason for this is believed 
by E. Schrodinger ^^^ to lie in the excessively rough ap- 
proximation inherent in formula (64). 

Finally, Thirring's formula (62) has also been tested, by 
Thirring himself,"* for NaCI, KCl, and, by neglecting certain 
factors, for CaFj and FeSg. Taking into account the variation 
of the elastic constants with temperature (which, however, is 
to be regarded as uncertain and provisional since the values 
are only obtained by interpolation) he found good agreement 
between theory and experiment. In connection with the 
Thirring formula, Born^^ has also calculated the atomic 
heat of diamond and compared it with experiment. Since in 
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this case, however, the elastic constants were unknown. Born 
proceeded to evaluate the curves of atomic heat for various 
possible values, and to select from them that curve which 
conformed most closely to the results of observations. Thus, 

for example, the value 0-63 x lO-i^j^^Ll was obtained for 

the compressibility ; this is in satisfactory agreement with the 
value, probably too small, measured by W. Richards, viz. 

0-5 X lO-if^l. 
LdyneJ 

Erom all this we see that the possibilities of testing the 

Born-Kdrmdn Theory of Atomic Heats, partly on account of 

the great difficulties of calculation, partly on account of our 

insufficient knowledge of the elastic behaviour of crystals, are 

exceedingly sparse, so that for the present Debye's much more 

tractable formula (if necessary, with the addition of Einstein 

terms) appears more useful. If, in spite of this fact, so much 

space has been devoted here to the Born-Kdrmdn Theory, the 

reason is to be sought in the conviction that this theory has 

gone much further than that of Dehye into the kernel of the 

matter. For, without a more exact treatment of the structure 

of the space-lattice and its dynamics, our knowledge of the 

nature of the solid state must without doubt remain faulty. 

§ II. The Equation of State of a Solid Body 

Linking up with this new development of the theory 
of atomic heats, a number of investigators, chiefly E. 
G^-iineisen,^^ S. Batnowski,^^'' and P. Debye,^^ have worked 
out a theory of the solid state with the object of creating as 
a counterpart to the Kinetic Theory of Gases a Kinetic 
Theory of Solids. One of the main problems in this con- 
nexion is to formulate an " Equation of State," that is, a 
relation between pressure (p), volume (F), and temperature 
{T), a problem, which, according to the doctrine of thermo- 
dynamics, is to be regarded as solved as soon as the " free 
energy " i^ of the body is known as a function of the tempera- 
ture and the volume.iss Then the pressure, for example, will 
follow from the simple equation 

"—(rvl ■ ■ ■ (65) 
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which, as a relation between p, V, and T, gives the equation 
of state at once. If this is known, we have mastered quanti- 
tatively the behaviour of the body for all changes of state. 
For example, the coefficients of expansion a, and the com- 
pressibility ,.■, result from the well-known formulae 

(F(, is the volume at the zero-point.) 

P. Debye "o ^as the first to draw attention to the fact that 
the model of the solid body which forms the basis of the 
atomic heat theories of Einstein, Debye, and Born-Kdrmdn, 
is necessarily too highly idealised; for this idealised solid 
body has, as is easily seen, a zero coefficient of expansion. In 
fact, if, as has always been assumed hitherto, the forces 
which pull the atoms back into their position of equilibrium 
are proportional to the first power of their relative displace- 
ments (assumption of quasi-elasticity, Hooke's Law), then 
the atoms will execute symmetrical oscillations about this 
position of rest. If this supposition, viz. Hooke's Law, be 
valid for all temperatures, then the mean volume of the 
body — -that is, the volume that it possesses when all atoms are 
exactly in their positions of rest — must be just as often over- 
shot as undershot, however great the amplitude of the heat- 
vibrations may be. Hence, if we warm the body from zero 
until it possesses the volume Vo, and if we assume that all 
atoms are at rest at zero, then its mean volume at any tem- 
perature will also be equal to Vo. The body, therefore, does 
not change its mean, observable volume with rise of tempera- 
ture ; its coefficient of expansion is therefore 0. If we desire to 
represent the actual behaviour of the solid body, namely, its 
expansion when heated, as known to us from thousandfold ex- 
perience, we are necessarily obliged, according to Debye, to re- 
place Hooke's Law of Force by an expression involving higher 
powers of the variation of atomic distance. Then the oscilla- 
tions of the atoms become unsymmetrioal, and there occurs a 
displacement of their position of rest as the energy of vibration 
increases. If we arrange the generalisation of Hooke's Law 
so that a greater force is necessary to bring the atoms nearer 
together than to separate them, then the change in the 
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position of rest occurs in such a manner that for increasing 
energy of vibration, that is, for rise of temperature, the 
relative distances of the atoms increase, and hence the body 
increases in volume. Debye has extended the theory in this 
sense. Among other things this gives us the law previously de- 
duced by Gf-iineisen^^ that at sufficiently lov? temperatures the 
thermal coefficient of expansion a is proportional to the specific 
heat. Moreover, the very small change in compressibility 
with temperature is well accounted for on Debye s Theory. 

§ 12. The Thermal Conductivity of Solid Bodies according to Debye 

The importance of Debye' s Theory is by no means confined 
to thermal expansion. On the contrary, it became manifest 
that another important group of phenomena require this 
generalisation of Hooke's Law. In the idealised solid body, 
in which the elastic forces obey Hooke's Law, the elastic 
waves will become superposed without disturbance, and will 
penetrate the whole body without becoming weakened. If 
we imagine the idealised body as a horizontal, infinitely 
extended plate of finite thickness, and if we transmit a 
powerful motion (high temperature) to the upper layer of 
atoms, while we keep the lower layer at rest (i.e. at zero 
temperature), then an elastic energy current (heat current) 
will pass continually from above to below. An energy 
gradient (temperature gradient) does not, however, • exist 
in the body, since, on account of the undamped character 
of the wave, the mean density of energy is everywhere the 
same. Since, in general, the conductivity for heat is equal 
to the flux of heat divided by the gradient of temperature, 
it follows that the idealised solid body possesses an infinite 
thermal conductivity. The case becomes different, however, 
if we extend Hooke's Law in the manner described, and thus 
pass over to the " real " solid body. The waves in the body 
will then, on account of the departure of the equations of 
motion from linearity, no longer pass over one another un- 
disturbed. On the contrary, an oscillation already present 
will, in consequence of the fluctuations in density caused by 
it, disturb the oscillations superimposed upon it, with the 
effect that a scattering, and therefore a weakening of the 
waves in the body results, in precisely the same way as a 
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" cloudy " medium scatters and weakens light passing through 
it. Hence, in the case taken, a temperature gradient is set 
up in the plate from the top to the bottom. In the case of 
the real body we thus arrive at a finite thermal conductivity. 
The mathematical development of this conception led Debye to 
the law 162 that the thermal conduotvoity of crystals is inversely 
proportional to the absolute temperature (if we confine ourselves 
to temperatures which are so high that classical statistics are 
applicable). This deduction seems to be in excellent agree- 
ment with experimental results obtained by A. Euchen?^ 

§ 13. The Electron Theory of Metals and its Modification by the 
Quantum Theory 

If matters are already complicated in the intrinsically 
clear case of crystals, the position becomes still more 
dif&cult when we turn to metals which, in general, con- 
sist of an irregular conglomerate of crystallites. In this 
case the conductivities, namely, of heat and electricity, are 
particukirly deceptive. According to the classical theories of 
P. DrMde,iM E. Biecke,^^ and H. A. Lorentz,'^^ these pheno- 
mena are brought about by the free conductivity-electrons, 
which, like gas-molecules, fly about in the space between the 
fixed atomic residues, exchange energy with these upon 
collision, and so take part in the establishment of thermal 
equilibrium. Thus the conduction of electricity is explained 
as follows : in a piece of metal of uniform temperature, an 
equal number of electrons fly, on the average, in each 
direction through an element of surface. Hence, on the 
average, there is no transport of electrical charges through 
this element of surface, that is, no electric current is flowing 
in the piece of metal. If now we apply a potential difference 
to the ends of the metal, an electric field exists in the metal, 
and this field impresses upon the electrons during their " free 
paths " (i.e. their paths between two encounters with atoms) 
a certain one-sided additional velocity which is super- 
imposed upon the irregular heat-motion. Now, therefore, 
more electrons will pass per second through the element of 
surface in one direction than in the other, and since the 
electrons carry a negative charge, and so move against the 
field, i.e. in a direction opposite to the field, we have now an 



62 THE QUANTUM THEORY 

electric current in the metal. The mathematical calculation 
of this simple conception gives for the electrical conductivity 
<r of the metal 167 

NeH ,„„. 

- = 2^ • ■ ^^^) 

Here N is the number of electrons per unit of volume, e and 
m charge and mass of the electrons, q their average velocity, 
and I their free path. If we write the expression (67) in the 
form 

NeHq ,„„ , 

we may, according to the assumptions of the classical theory, 
replace the mean kinetic energy -^mq" of the electrons by ^kT. 
For since, as We assumed, the electrons take part in 
establishing heat-equilibruim, the law of equipartition of 
kinetic energy applies to their motion, and there is thus 
allocated to each of the three degrees of freedom of the 
electrons the energy ^kT. In this way we arrive at the 
formula 

^eHq 
<--'6kT ■ ■ ■ ■ (676) 

Analogously, we get from Drude's Theory the coefficient of 
thermal conductivity i^ 

y = iN% .... (68) 

so that a combination of the two formulae leads to the 
fundamental relation 

^f -^ .... (69, 

which is the law of Wiedemann-Franz and of Lorenz.^^^ It 
states that the ratio of the thermal to the electrical condtictimty 
has the same value for all pure metals and is proportional to 
the absolute temperature. 

Thus all appeared in the best of order. The classical 
theory appeared here also to have worked successfully and 
the law of equipartition celebrated a triumph. But upon 
closer inspection, gaps appeared in the apparently solid 
theoretical structure, and serious doubts arose. For if the 
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free electrons really took part in the thermal equilibrium, 
and hence claimed their full share, ^NkT (per unit of 
volume), in the equal division of kinetic energy, then this 
share of energy should be plainly noticeable in the atomic 
heat of the body, namely, to the extent of f N*A;, where N* 
denotes the number of electrons in a gramme-atom. Such 
an increase in the atomic heat of the metals as compared 
with the non-metals (which contain no, or vanishingly few, 
free electrons) has never been observed. This difficulty could 
be avoided by assuming that the number of electrons is small 
compared with the number of atoms per unit volume, and 
then their contribution to the atomic heat would be relatively 
small. But then we should expect from (676) much smaller 
conductivities than experiment has disclosed, unless we were 
to assume high values, that are improbable, for the mean free 
path.iTO 

Further, H. A. Lorentz'^n has shown, as we have seen, 
that, if the law of equipartition for the motion of the electrons 
is assumed, the metals would radiate in the region of long 
waves according to Bayleigh's Law, whereas we have un- 
questionably to expect, especially at low temperatures, the 
radiation to take place according to Planck's Law. 

The calculated dependence of the conductivity on tempera- 
ture can only be made to agree with experience by making 
particular assumptions at high temperatures, whereas no 
assumptions seem to be able to make calculation and obser- 
vation agree for low temperatures. At high temperatures 
the resistance of the metals increases proportionally to 

the temperature, that is, o- decreases with y. This can 
only be reconciled with {67b), if the product Nlq is inde- 
pendent of the temperature. If we assume with^ /. J. 
Thomson^i^ that N increases proportionately to JT, then, 
since q is likewise proportional to iy/T,l must decrease with 
L a hypothesis which, as we shall see, has latterly been 

upheld by several investigators. 

Now, although the agreement between theory and experi- 
ment could thus be compelled by special assumptions at high 
temperatures, the region of low temperatures revealed itself 
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a,s the vulnerable point of the theory. For experiments by 
H. Kamerlingh-Onnes "» in the laboratory for low tempera- 
tures at Leyden had shown that the resistance of metals 
at very low temperatures (the experiments extended as far 
down as 1-6° abs.) falls away to a quite extraordinary degree, 
and practically disappears before the zero-point is reached. 
At any rate, the resistance cannot, as follows in view of what 
has just been said from formula (67&), sink proportionately 
to only the first power of the temperature ; on the contrary 
the fall is without doubt proportional to a higher power. 
That the Wiedemann- Franz Law also ceases to be valid in 
this region, has been proved by experiments of C. H. Lees "' 
and W. Meissner.'i''^ 

In order to escape from all these difficulties the quantum 
theory was appealed to, and attempts were made, in the most 
varied ways, to make it harmonise with the existing theory. 
A first attack was ventured by W. Nernst i™ and Kamerlingh- 
Onnes,'^'''^ who gave for the resistance of the metals empirical 
formulae which linked up directly with the form of Planck's 
energy equation (9) and which gave the change in the resist- 
ance with temperature satisfactorily. F. A. Lindemann'"* 
and W. Wien'^''^ conceived more detailed theories. Linde- 
mann accepts in his first paper /. /. Thomson's hypothesis, 
according to which N is proportional to JT, and retains the 
equipartition law for the motion of the electrons, so that q 
also becomes proportional to JT. Then, according to (676), 

the variation of the resistance - tvith the temperature depends 

entirely on the mean free path I. But this is, according to 
well-known considerations of the theory of gases, the greater 
the smaller the " radius of action " of the metallic atoms ; for 
the electrons can pursue greater paths freely, i.e. without 
collisions, the smaller the hindrances set in their path. The 
novel part of Lindemann's Theory is the fact that he brings 
the radius of action of the atom into relation with its ampli- 
tude of swing in its heat-motion. For it is at once obvious 
that the atoms in this heat-motion will cover a greater space 
in a given time, and their sphere of action will be the greater, 
the larger their amplitude of oscillation, i.e. the higher the 
temperature. Thus the mean free path also becomes a 
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function of the temperature, inasmuch as it is brought into 
relation with the energy of vibration of the atoms. But, for 
the latter term, Lindemann inserts the value given by the 
quantum theory, and finds for the resistance the formula »«> 

^=^+^^ + 5^ • • (70) 



kT 



- 1 






where v denotes the frequency of the atoms (again the mono- 
chromatic theory) ; A and B are constants. For high tem- 
peratures W then becomes proportional to the temperature 
T; for low temperatures W decreases exponentially with 

e " ar to a constant value B^. With the help of this formula, 
Lindemann succeeds in representing the observations quite 
well (the formula contains two constants which can be mani- 
pulated) ; but, since the law of equipartition has been retained 
for the electrons, the difBculties of the excessive atomic heat 
and of Bayleigh's radiation formula remain. Moreover, this 
theory is unable to explain the departures from the Wiede- 
mann-Franz Law at low temperatures; for the mean free 
path 2 — the only quantity dependent on T which occurs in a- 
— disappears entirely from the formula (69). 

W. Wien attacked the question much more radically than 
Lmdemann. In order once and for all to get rid of the 
contribution of the electrons to the atomic heat — this is the 
weak point of all theories which make use of the law of 
equipartition — he assumed that the electrons do not take 
part in the thermal equilibrium, but possess a velocity q 
which is independent of the temperature. Moreover, he 
makes the number N of the electrons per unit volume equal 
for all temperatures. Then, according to (67), the variation 

of - with temperature is again determined only by the 

(7 

dependence of the mean free path Z on the temperature. 
Wien, in a manner similar to that of Lindemann, connects I 
with the energy of vibration of the metallic atoms, taking, 
however, the complete elastic spectrum into account accord- 
ing to Debye. He thus gets for the resistance the value 

6 
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vdv 
W = const. ~h^ . . • (71) 



r vdv 

t. -kT 
J .*^ - 1 







For high temperatures this formula gives W = const. T, i.e. 
proportionality with the temperature. For low temperatures 
it follows that PF- const. T^, i.e. a parabolic decrease. 
The observations are very well represented by Wien's formula. 
But, above all, the unsatisfactory fact remains that this 
method does not lead us on to a theory of heat-conduction, 
unless we make new assumptions, nor to the Wiedemann- 
Franz Law. For, by the condition that the motion of top 
electrons takes place quite independently of the temperature, 
Wien has taken away the possibility of also ascribing the 
transport of heat to the electrons. 

This difficulty arises again in a more recent paper of 
F. A. Lindemann i*' in which, in continuation of the con- 
ceptions of Born and Kdrmdn, the supposition is introduced 
that — just as the atoms in a crystal — the electrons in a metal 
form a lattice. F. Raber i*i* has also adopted a similar hypo- 
thesis. The conduction of electricity is then explained by 
supposing this electron lattice to move practically as a rigid 
structure relatively to the atomic lattice and so through the 
metal. This model has many advantages. Since, in the 
heat-motion, in which the electron lattice naturally takes 
part, the electronic vibrations, on account of their mass, are 
extremely rapid (high frequency), these vibrations of the 
electron, according to Planck's formula for the energy, make 
no appreciable contribution to the atomic heat. In addition 
the abnormal conductivity (supra-conductivity) which has 
been observed at very low temperatures may, if we use 
earlier considerations by J. Stark,^^^ be explained without 
difficulty by the conception that at these very low tempera- 
tures at which the atomic space-lattice is practically at rest, 
the electronic lattice glides almost unimpeded through the 
gaps of the atomic lattice. 

G. Borelius,i«3 in a sketch which was recently published, 
uses ideas similar to those of Lindemann. 
Finally, we may refer to a paper by K. Herzfeld i« which, 
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in contrast to the preceding investigations, attacks the ques- 
tion from a more phenomenological point of view without 
making use of a particular model. For if, in the formulse 
for o- and y, (67) and (68), we bring into evidence the energy 
E = \m^ of the electrons by writing the equations thus : i8s 



2j2mE 
ivj, l2EdE 



(72) 



m 
we get 

y^±.E^ (73^ 

as the expression which represents the Wiedemann-Franz 
Law. Herzfeld then shows that, if we compare the result 
with observation, the formula (73) can be made to agree well 
vrith the actual measurements if we set Planck's expression 

1 hv 

2 HuT ^or E. (The factor -J has been introduced because 

the energy of the electrons is solely kinetic.) The values for 
V which have to be used stand in no recognisable relation to 
the atomic frequencies. A paper by F. v. Hatoer^^^ works 
along similar lines. 

If we survey the whole field of the conduction of heat and 
electricity in metals we recognise that here the last word 
has not been spoken, and that a great deal of hard work will 
be necessary to clear up finally the extraordinarily com- 
plicated relaWonships. But much would doubtless be gained 
for the theory if in future the observations, as far as possible, 
are no longer made on crystal aggregates, but on metal 
crystals that are pure and homogeneous. 
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The Intrusion of Quanta into the Theory of Gases 

§ I. The Heat of Rotation of Diatomic Gases according to the 
Quantum Theory 

WHILE the molecular theory of the solid state thus 
gained new nourishment from the doctrine of quanta, 
the kinetic theory of gases could no longer be preserved from 
the influx of the new views. W. Nernst '87 Jjad pointed out 
quite early that quantum-effects are to be expected in the 
rotation of di- and polyatomic gas-molecules, and also in the 

oscillation of atoms in the 
molecule. Let us take as 
an example the diatomic 
gas hydrogen, the mole- 
cule of which we may 
picture provisionally as a 
rigid " dumb-bell " (Pig. 6). 
The knobs of the dumb-bell 
are the hydrogen atoms, 
the grip represents their 
chemical bond. Such a 
molecule is known to 
possess, besides its transla- 
tory motion (three degrees 
of freedom), the possibility 
of rotating about an axis at right angles to the line joining the 
atoms (two degrees of freedom, corresponding to the two axes 
dotted in the figure). Eotation about the line joining the 
atoms does not — if we accept Boltzmann's conception of the 
absolutely rigid smooth atom — come into play in the ex- 
change of energy by collision and hence in the distribution 
of energy among the separate degrees of freedom : for this 
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rotation cannot be changed by collision. Considered from 
the new point of view of quanta, which rejects '• rigidity " and 
" smoothness " as an unjustified idealisation, the position is as 
follows : The moment of inertia of the molecule relatively to 
the line joining the atoms is extremely small compared with 
the n?oment of inertia about either of the axes at right angles 
to this line. But it is known that rotations which take place 
about axes with small moments of inertia occur with much 
greater rapidity than those about axes with large moments of 
inertia (the same energy having been imparted in each case). 
If, therefore, we identify the revolutions per second with fre- 
quencies, and use the Planck energy expression for the energy 
of rotation (which is not strictly correct quantitatively), a line 
of argument which has already been frequently applied shows 
us that the rotation about the line joining the atoms possesses 
only a vanishingly small share of the energy. For the same 
reason (high frequencies) the degrees of freedom, which 
correspond to the vibration of the atoms in the molecule, 
become of importance only at high temperatures. As a result 

kT 
of all this, classical statistics gives us the value 2 -^ = kT 

for the mean energy of rotation of the hydrogen molecule ; 
per gramme-molecule it therefore becomes NkT = BT. 
Hence that part of the molecular heat which arises from 

rotation is equal to B, that is, about 1'98 ^ — '-, and it is in- 

deg. 

dependent of the temperature. In crass contradiction to this, 
A. Eucken'^^ found experimentally that the rotation part of 
the molecular heat of hydrogen has the value B demanded by 
the classical theory only at high temperatures. On the other 
hand, it gradually decreases as we pass to lower temperatures, 
and approaches asymptotically the value zero at the abso- 
lute zero. In the immediate neighbourhood of absolute zero, 
hydrogen behaves as a monatomic gas. Eucken's result was 
confirmed by experiments conducted by K. Scheel and W. 
Heuse,iss who, however, measured the values of the molec- 
ular heat only for three temperatures (92°, 197°, and 289° 
on the absolute scale). This falling off of the rotational heat 
is without doubt a quantum-effect, similar to the decrease in 
the atomic heat of solid bodies. 
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The first attempt to calculate this phenomenon theoretically, 
is due to A. Einstein and 0. Stern,^^ who proceeded as 
follows : If / and v are the moment of inertia and the 
number of revolutions per second of the molecule respectively, 
then its rotational energy is 

Er = i-{2,rvY . . . (74) 

If, to simplify matters, we now suppose that all molecules 
rotate with the same mean number of revolutions v per second, 
then we can introduce for the corresponding mean energy of 
rotation 

J,. = J(2^;)2 .... (75) 
the theoretical quantum value i" 

B,. = ^- " (according to Planck's first theory) (76) 



kT 



or 



Er = ~j{^ — +-q" (PZawcAi's second theory) . (77) 

e^-1 

Prom (76) or (77), by combining with (75), we obtain v as a 

function of T. If finally we form -j^, and multiply by the 

Avogadro number N, then we get the share of the energy of 
rotation in the molecular heat, and we see how it depends on 
the temperature. It thus appeared that only by using the 
expression (77) for Er would we be enabled to get a satis- 
factory connexion agreeing with Eucken's measurements, a 
fact which Einstein and Stern used at the time as an argu- 
ment for the existence of a zero-point energy. It must, how- 
ever, be emphasised that this theory can only be regarded as 
a first attempt to find general bearings and that it does not 
fulfil more rigorous requirements. For the Planck energy 
formulae used, (76) or (77) are valid, as is shown by their 
genesis, only for configurations whose frequency v is a con- 
stant quantity independent of the temperature. Here, on 
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the contrary, we have made use of a mean speed of rotation 
V, dependent on the temperature. 

P. Ehrenfest 192 in 1913 built up a theory of the heat due to 
rotation on a stricter basis. He had, however, to confine 
himself to configurations with one degree of freedom, that is, 
to rotations of the molecule around a fixed axis, as at that 
time an extension of the quantum theory to several degrees 
of freedom had not yet been worked out. The expression 
thus obtained for the heat of rotation was then, in order to 
take into account both degrees of freedom, simply multiplied 
by 2, a method which readily suggests itself, but is not justi- 
fiable. Ehrenfest started, in his calculation, from the original 
form of the quantum hypothesis, according to which the 
energy of linear oscillators may only be whole multiples of hv, 
and accordingly made the condition that the rotational energy 
of a configuration with one degree of freedom (fixed axis) may 

hv 
only consist of whole multiples of „■■ The factor ^ appears, 

because the energy of rotation— in contrast with the vibra- 
tional energy of the oscillator — is solely kinetic by nature. 
The Ehrenfest condition is, therefore, according to (74) : 

S, = ^(2,rv)2 = 7z.|: (^ = 0, 1,2, 3 . . .) . (78) 

hence 

,, = £^ (« = 0, 1, 2, 3 . . .) . (79) 

and by substitution in (78) 

^r, ^^ (n = 0, 1, 2, 3 . . .) . (80) 

Hence the molecules can only rotate with quite definite, discrete 
speeds v„, and correspondingly acquire only a series of discrete 
rotational energies E^'f, quite in agreement with the sense of 
Planck's quantum theory. It is noteworthy that these dis- 
crete rotational energies are related to one another as the 
squares of the whole numbers, whereas the energies of the 
Planck oscillators are proportional to the whole numbers 
themselves. With the discovery of the discrete values (80) 
of the energy, the dynamical part of the problem was solved. 
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But we require the mean energy Er of a totality of N similar 
molecules. It is here, then, that the second, statistical part 
of the calculation begins. If Wn denotes the probability that 
a molecule possesses the rotational energy .B'"' at the tempera- 
ture T {wn is therefore the " distribution-function " which has 
been extended in accordance with the quantum theory), then 
the mean rotational energy of a molecule is known to be equal 

to y E^'f • Wn- Multiplication by JV and differentiation with 

71 = 

respect to T give us immediately the heat due to rotation.iM 
Ehrenfest thus obtained for the relationship between the 
rotational heat and the temperature a curve which could, it is 
true, be made to agree well with the measurements obtained 
at low temperatures by choosing the arbitrary constant / (the 
moment of inertia) suitably, but at high temperatures it showed, 
before reaching the classical value B, a maximum and a sub- 
sequent minimum, which did not correspond vfith the existing 
observations. 

"We may note here an important consequence of equation 
(79), since it has played a noteworthy role in the further 
development of the quantum theory. If, namely, we write 
down the angular momentum (the moment of momentum 19*) 
of the molecule, that is, the quantity p = J x 'j,-nv, then it 
follows from (79) that only the special quantum values 

P» = 1^ {n = 0,1,2,3 ...) . . (81) 

of the turning-moment exist. This relation may also be 
deduced directly from the theory of the quantum of action as 
formulated in (30). For, if we select as our general co- 
ordinate, in this case q, the angle of rotation <f>, then the 
corresponding momentum or impulse p is known to be 
none other than the moment of momentum.ias It follows 
from this, since p is independent of <^, that 

h)*d<^ = 27rjo^ = nh . . . (82) 



in agreement with (81). 
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In the same way, on the basis of Planck's first theory 
namely, the conception that the special quantum rates of 
rotation v„ are the only possible ones, and using the dumb-bell 
model, the author 196 has recently carried out the strict calcula- 
tion for structures with two degrees of freedom (free axes of 
rotation), making use of the later ideas of the quantum theory. 
This stricter method likewise gives us curves for the rotational 
heat which are useless, for they also have a maximum and 
a subsequent minimum, as in Ehrenfest's case. Only by 
making special subsidiary assumptions, such as excluding 
certain quantum states, can we get curves which rise steadily 
with increasing temperature, and which agree, at least to a 
certain extent, with observation.w 
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Fig. 7. 

Not much more satisfactory results were obtained in those 
investigations which, again with the use of the dumb-bell 
model, were based on Planck's second theory. According to 
this theory, the discrete values v,^ of the rotational speeds are 
not the only possible ones ; on the contrary, the molecule can 
rotate with all rotational speeds between and oo , and hence 
can assume all values of rotational energy between and oo, 
exactly like the Planck oscillators in Planck's second theory. 
The peculiarity of the special quantum values (80) for the 
energy here consists in the following : imagine the energies 
Er plotted as abscissse (Fig. 7) and the corresponding prob- 
abilities w as ordinates; then a step-ladder curve results. 
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the steps of which lie exactly at the values E'-'^K The prob- 
ability that a given value Er of the rotational energy ■v^iU 
appear is therefore constant within the range of energy between 
JS*"' and ^l"'^^^, hut changes suddenly at the ends of this range. 
According to Planck's first theory, which allows only the 
quantum values lfr\ the encircled points alone have a 
meaning. Only at those points is the probability other than 
zero, while all intermediate values of the energy possess the 
probability zero, that is, do not occur. 

In this case, too, the problem was first solved for one 
degree of freedom (fixed axis of rotation). E. Holm^^ and 
J. V. Weyssenhoff^^ found, in agreement with one another, a 
steadily rising curve for the rotational heat, which fitted the 
observations well at low temperatures, but undoubtedly went 
too high at higher temperatures (from about 140" abs. up- 
wards). 

But when the modern development of the quantum hypo- 
thesis for several degrees of freedom, to which we shall be 
introduced later, was available, a stricter calculation for 
free axes of rotation, i.e. for two degrees of freedom, could be 
carried out. This problem was attacked on the one hand by 
M. Planck,'^ on the other by Frau S. Botszayn,^ but was 
treated differently in each case. Planck started with the 
premise that this problem belongs to the category of so-called 
" degenerate " problems. This term is to convey the follow- 
ing : the molecule rotates, when no external forces act 
on it, according to the doctrines of mechanics, with con- 
stant speed in a spatially-fixed plane. The position of 
this plane in space must, so Planck argues, be of no im- 
portance for the statistical state of the molecule. Hence the 
condition of rotation of the molecule in the sense of the 
quantum theory is determined by a single quantity, namely, 
the rotational energy. In spite of the fact, therefore, that 
the problem is originally and naturally a problem of two 
degrees of freedom — for the position of the molecule in space 
is determined by two angles — we must, according to Planck, 
treat it in the quantum theory as a problem of only one 
degree of freedom. The two degrees of freedom coalesce, as 
it were; they are "coherent." 

In contrast to this, Frau Rotszayn proceeds to turn the 



HEAT OF ROTATION OF DIATOMIC GASES 75 

problem into a non-degenerate one by the addition of an ex- 
ternal field, and after solving this problem, reduces the field 
of force till it vanishes. This method which was also used 
by the author in the paper above cited, appears to be par- 
ticularly advantageous, when the calculation is based on 
Planck's first theory, for peculiar difficulties arise in " degen- 
erate " cases. Success here decides in favour of the second 
method. For while Planck finds a curve 202 which rises above 
the classical value to a maximum, and then descends asymp- 
totically towards the value B, — and is therefore of no use — 
the calculation of Fraih Botszayn gives a steadily rising curve, 
which agrees well with the measurements for lower and higher 
temperatures ; only the value observed at T = 197° abs. lies 
about 10 per cent too low.^os 




While all the above-mentioned investigations are based on 
the dumb-bell model, which can only be regarded as a pro- 
visional, schematic construction, P. S. Epstein^ in 1916 
carried out the corresponding calculations for another mole- 
cular model proposed by N. Bohr.^os This model of the 
hydrogen molecule, to which we shall return later, is built up 
of two positive hydrogen atoms, each of which carry a single 
positive charge, and around the connecting line of which two 
electrons, diametrically opposite, rotate in a fixed circle at a 
fixed rate (see Fig. 8). Since the equilibrium in this purely 
electrical system is determined by the play of the Coulomb 
attractions and the centrifugal forces, and since the radius ot 
the electron is determined by a quantum condition, this model 
possesses the advantage that all its dimensions are completely 
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fixed, so that there is no longer any question of the arbitrari- 
ness of the moment of inertia. The " dumb-bell knobs " are 
represented here by the two positively-charged hydrogen 
atoms; the rotations of the molecule hitherto considered 
would therefore correspond to those motions in which the 
molecule rotates with a moment of inertia / about an axis 
at right angles to the line joining the atoms. But to this 
there must very plainly be added the rotation of the system 
about the axis of symmetry (i.e. the line joining the atoms), 
which results from the extremely rapid rotation of the elec- 
trons. The moment of inertia corresponding to this axis is, 
in consequence of the extremely small mass of the electrons, 
very small compared with J. The whole system obviously 
possesses, if we regard it approximately as rigid, the properties 
of a symmetrical top. Its motion is therefore, in consequence 
of its own rotation about the axis of symmetry, not a rotation, 
but instead the well-known motion, "regular precession." 206 
Epstein treated the problem from this point of view but could 
not obtain agreement at low temperatures with the moment 
of inertia calculated from the model itself, ^f" namely, J = 2 '82 
X 10 " *i. Presumably, this failure depends on the fact that 
the model does not correspond with reality, and in fact we 
shall see later, that well-founded doubts have arisen as to the 
correctness of the Bohr model. We must therefore admit, 
unfortunately as one of a number of instances in the quantum 
theory, that the important problem of the rotational heat of 
hydrogen still awaits solution. 

§ 2. The Bjerrum Infra-red Rotation-spectrum 

N. Bjerrum^^ has applied the relation (79) in a very 
interesting manner to the infra-red absorption of polyatomic 
gaseous compounds. These gases (for example HCl, HBr, 
CO, HgO in the form of steam, but on the other hand not 
the elementary gases Hj, 0^, Nj, CL,) show, according to the 
investigations of S. P. Langley,^ F. Paschen,^i'> H. Bubens,'^^ 
H. Bubens and E. Aschkinass,^^^ H. Bubens and G. Hettner,'^^ 
W. Burmeister,^i Eva v. Bahr,^^^ extensive absorption bands 
in the short- and long-wave infra-red. While in the long- 
wave infra-red we account for the absorption by the rotating 
molecule, which, composed of positively and negatively 
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charged atoms, act like electric double poles and hence in 
turning emit and absorb radiation, Bjerrum was the first to 
pomt out that the molecular rotation must also make itself 
noticeable in the short-wave infra-red. For if there exists 
in this regi6n a linear vibration vq of the ions in the molecule 
relatively to one another— and hence an absorption at this 
point— and if, in addition, the whole molecule rotates at the 
speed V,., then it is known that there will be produced as a 
result of the composition of the vibration with the rotation 2i6 
two new vibrations (and, correspondingly, two new regions 
of absorption) having the periods vo + vr and vo - v,., sym- 
metrically disposed on both sides of the ionic vibration vq. 
On the whole, then, we have three points of absorption: 
Vr, vo - Vr, vo -f- Vr, to wMch WB must add the non-rotational 
state vo as a fourth. But if now, according to Planck's first 
theory, the molecule can only rotate with discrete speeds of 
rotation v„ [see (79)], we get symmetrically to the original 
position of absorption i- = vo and, on both sides of it, a series 
of further discrete equidistant positions of absorption : 

v = vo -h v„ = vo -h «j^ 

, ^ (« = 1, 2, 3 . . .) . (83) 
v' = vo - v» = vo - '^j;;^! 

These discrete equidistant positions of absorption have 
actually been found by Eva v. Bahr in the case of water 
vapour and gaseous hydrochloric acid, and were measured 
later with still greater accuracy by H. Rubens and O. Hettner 
for water vapour. In an examination carried out on an 
extensive scale E. S. Imes^^'' has once more thoroughly 
investigated the hydrogen halides (HCl, HBr, HF) and con- 
firmed the law (83) for the position of the absorption lines. 
It was thereby found that the middle line vo was always 
missing. From the standpoint of the theory here described 
this would mean that the non-rotational state does not exist, 
that is, that the molecules always rotate (zero-point rotation). 
A. Euchen,^^ who discussed the results of E. v. Bahr, 
which were at that time the only ones known, deduced from 
the good agreement between observation and calculation that 
Planch's second theory is not valid, for the experiments 
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seemed so obviously to prove that the molecule can actually 
only rotate with the discrete speeds v„. This conclusion, 
however, is not inevitable, as Planck 2« showed in a pene- 
trating investigation. On the contrary, the observations 
may after all be explained, surprising as it may seem, on the 
basis of his second theory (continuous "classical" absorp- 
tion ; all speeds of rotation possible). This curious result is 
explained as follows : Let w{Er)dEr be the probabUity that 
a molecule possesses exactly the rotational energy Er ; hence 
for N molecules Nw{Er)dEr wUl be the number that will 
possess exactly the rotational energy Er. These molecules 
rotate therefore — according to (78) — with the speed 



1 /2Sr 



The quantity w{Er) is here, according to Planck's second 
theory, the step-ladder curve pictured in Fig. 7. Planck's 
calculation then leads to the following result : the absorption 
of an external radiation of frequency v* is not — as one should 
expect — proportional to the number of molecules having a 
rotational speed Vr = v*, that is, to the quantity w{Er) but to 

its differential coefficient ^!£^. This differential coefficient 

is, however, as Fig. 7 shows, everywhere equal to zero, 
excepting at the special quantum energy-values E^^, that is, 
at the rotational speeds lu. It follows from this, that here 
also, from the standpoint of Planck's second theory, absorption 
takes place only at the special quantumn rates of rotation Vn- 
It thus comes about that, at present at any rate, the infra- 
red absorption spectra of the polyatomic gases, contrary to 
all expectation, do not decide one of the most fundamental 
questions of the whole quantum theory, whether, namely, 
Planck's first or second theory is correct. An important 
remark must be added here. The deductions of the relation 
which gives the position of the infra-red absorption bands is 
half in accordance with the classical and half in accordance 
with the quantum theory. For although the rotational 
speeds vn are determined by the quantum theory, the resolu- 
tion of the oscillation vo iuto the two components vo + v,i 
are determined by the classical methods. How to attack this 
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problem from a point of view entirely consistent with the 
quantum theory will be seen later in Chapter VIII. 

§ 3. The Degeneration of Gases 

The phenomena described above which were observed in 
the case of polyatomic gases (falling-off of the molecular heat, 
and infra-red absorption) justify fully the application of the 
quantum theory to motions of rotation. On the other hand, 
the attempts to go a step farther and to apply it to the 
translational energy of gases rest upon a much more insecure 
basis. If this step is taken, the hitherto exceptional position 
occupied by the monatomio gases, whose molecules contain 
only translational energy, becomes destroyed, for then they, 
too, must succumb to the quantum law. This problem 
has been attacked from various quarters [0. jSacfcMr.siM H. 
Tetrode,^sa. W. H. Eeesom,^^ W. Lenz and A. Sommerfeld,'^ 
P. Scherrer,^ M. Planck.^] Thus, for example, Tetrode, 
Keesom, Lenz and Sommerfeld imagine the thermal motion 
of the gas split up into a spectrum of natural frequencies, and 
they then distribute the energy in quanta, that is, according 
to formula (9), over the individual natural frequencies, quite 
analogously to the manner of Debye and Born-Kdrmdn in 
the case of solid bodies. Scherrer and Planck, on the other 
hand, apply the quantum hypothesis directly to the motion 
of the individual gas-atoms, basing their argument on the 
modern formulation of the quantum conditions for several 
degrees of freedom. How such a quantum resolution of the 
translatory motion is effected, is perhaps most easily seen 
by the following simple example (Scherrer) : Let a gas-atom 
of mass m fly to and fro in a cube-shaped space of side a 
with the speed v parallel to one of the edges. It then 

V 

executes a sort of oscillation with the period " = g^- If we 
set its kinetic energy, E = ^mv^, according to Planck's first 
theory = n-^ (w = 0, 1, 2, 3 . . .) then it follows that 

h V 
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hence 

Hence the velocity of the atom and its translatory energy 
can acquire only discrete, quantum-determined values. 

The calculations of the above-named investigators lead to 
two important main results, at least in qualitative agreement ; 
in the first place, there results an alteration in the gas laws 
at very low temperatures. The necessity for this " degenera- 
tion" of the monatomic gases had already been recognised by 
Nernst, who deduced it on the basis of his new heat theorem.226 
For if the equation of state of ideal gases 

(p = pressure \ 

V = volume of a gramme-atom \ 
B = absolute gas-constant I " ^ ' 

T = temperature ' 

were exactly true for all temperatures down to the lowest, 
then the maximum work A, which could be gained from 
the isothermal expansion of the gas from the volume F, to 
the volume Fj, would have, as we know, for all temperatures 
the value 

F, F, ^ 

For all temperatures down to absolute zero, -s^ = B log ( ^ ) 

would differ from zero, in direct contradiction to the condition 
(38) of Nernst' s Theorem. Hence it follows that in the region 
of the lowest temperatures, the equation of state (85) must 
undergo modification. In fact, experiments of 0. Sackur^t 
on hydrogen and helium appear to speak in favour of the 
existence of this " degeneration." 

§ 4. The Chemical Constants of Monatomic Gases 

The second main result given by the application of the 
quantum theory to monatomic gases, is an extremely in- 
teresting relation of the Planck constant h to the so-called 
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"chemical constant" of the gas, a quantity which plays 
an important part in changes of the state of aggregation 
(vaporisation, sublimation) and in chemical states of equi- 
librium. But it is here specially emphasised that the re- 
lationship just mentioned is not bound to the undeniably 
hypothetical resolution of the translatory energy into quanta. 
On the contrary, 0. Stern 228 has succeeded in deducing it un- 
objectionably, without applying the quantum theory to the gas. 
The original method, which Stern adopts, may be shortly 
sketched here. Consider the process of sublimation, i.e. the 
passage from the solid into the vapour state. Let the 
vapour obey the gas laws, and let its density be negligible 
compared with that of the condensed solid. Then classical 
thermodynamics gives for the pressure p of the saturated 
vapour as a function of the temperature the following 
equation : 

logp= -^+|logr-^j^dT-^C . (86) 



Here A.„ is the heat of vaporisation (per gramme-atom) at 
absolute zero, S'/ * is the energy of the condensed solid (per 
gramme-atom) at the temperature T; the constant G, which 
is the chemical constant of the vapourising substance, 
remains undetermined, according to thermodynamics. On 
the other hand, the integral on the right-hand side of 
equation (86), which contains the energy of the solid 
material, may be completely calculated upon the basis of 
our assured knowledge of the energy-content of the solids. 
We only require to assume the solid to be a Born-Edrmdn 
crystal, and hence to use the quantum-theoretical value (41) 
for E^P- If we now restrict ourselves to high temperatures, 
to a region, therefore, in which the classical theory is valid, 
(86) assumes the form 






logP=--s|r--il°g^+3 1ogg)H-C (87) 
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(The 3^ quantities vi here form the elastic spectrum of the 
sohd body ; v is their geometric mean.) The formulation of 
this equation constitutes the first step of Stern's deduction. 
It gives the result of thermodynamics, extended by the 
application of the quantum theory to the condensed sub- 
stance. The second step is the formulation, in accordance 
■with molecular theory, of a vapour-pressure formula for high 
temperatures, in the region therefore of classical statistics. 
Here, also, the Born-Kdrmdn solid model is used for the con- 
densed substance, and, on the basis of known laws of 
probability, the number of the atoms is calculated which are 
in statistical equilibrium in the vapour phase. In this way 
the density of the vapour, and hence, as a result of the gas 
laws, its pressure, are given. So Stern finds 

log,^, = - ^ - i log T -Mog [^^] . (88) 

Here m denotes the mass of an atom, and X'q is the work 
which is necessary to bring N atoms {N is the Avogadro 
number) from complete rest to the gaseous state. An un- 
determined constant naturally does not appear in this formula 
deduced from pure molecular theory. For the molecular 
model is completely determinate, and hence gives the absolute 
value of the vapour pressure, not only its temperature co- ' 
eflBcient, as in the case of thermodynamics. A comparison 
of (87) with (88) shows, firstly, that 

^^-\ + ^ . . ■ (89) 
1 

and secondly, that the chemical constant G has the value 

C = log[(^^] . . . (90) 

Eelation (89) may be interpreted by making the supposition 
that the solid body already possesses an energy amounting to 

2_'Y ^^ ^^^ absolute zero, that is, a " zero-point energy," to j 
1 
which the latent heat of vaporisation \ must be added, in 
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order to set the atoms completely free from their union in the 
crystal. Equation (90) gives us the solution of the problem 
before us. It gives the chemical constant of the monatomic 
gases as a fiinction of the atomic mass and the universal 
constants h and k. Nowhere, however, in the whole 
deduction — this should be emphasised once more — has the 
quantum hypothesis been applied to the gas itself. 

In order to make formula (90) available for comparison 
with experiment 229 we may expediently introduce the molec- 

7? 
ular weight M = mN, and set k =^. then 

C = Co + f log M, where Co = log [^-^^] = 10-17 

If we finally use the base 10 instead of the natural base e for 
our logarithms, and measure the vapour pressure not in 
absolute measure but in atmospheres, we get the chemical 
constant C used by Nernst, which is related to Stern's value 
for C thus : 

^' = OT6 = 6-00^^ 

For it we finally get the simple expression 

C = C'o + i logio ^' ^iiere C, = - 1-59 . (91) 
This formula has been brilliantly verified by experiment. The 
hitherto most trustworthy measurements of vapour pressure 
and chemical states of equilibrium give in the case of hydro- 
gen, argon, and mercury the values 

- 1-69 ± 0-15, - 1-65 ± 0-06, - 1-62 ± 0-03 
We are therefore justified in saying with Stern that the 
expression (90) for the chemical constant of the monatomic 
■ gases is theoretically and experimentally one of the best 
founded results of the Quantum Theory. 



CHAPTBE VI 

The Quantum Theory of the Optical Series. The 
Development of the Quantum Theory for several 
Degrees of Freedom ^ 

§1. The Thomson and the Rutherford Atomic Models 

THE greatest advance since M. v. Laue's discovery of the 
method of Eontgen-spectroscopy for determining crystal 
structure was made in the realm of atomic theory in 1913, 
vyhen the Danish physicist Niels Bohr placed the atomic 
models in the service of the quantum theory. Bohr's labours 
have in their turn reacted on the quantum theory and fertil- 
ised it, and thus a marvellous abundance of notable successes 
have been achieved in recent years through the interaction be- 
tween the dynamics of the atom and the quantum hypothesis. 
Among serviceable atomic models, the one proposed by 
/. /. Thomson long occupied a much favoured position ; accord- 
ing to it, the electropositive part of an atom, which constitutes 
the most important part of its mass, is supposed to be a 
sphere of "atomic dimensions" (radius about 10"* cms.) 
filled with a positive space charge in the interior of which the 
negative parts, the electrons, rest in a stable position of equi- 
librium. This model has the great advantage of explaining 
on purely electrical grounds the possibility of " quasi-elastic- 
ally bound " electrons, i.e. such electrons as, being displaced 
from their position of rest, are drawn back into it by a force 
which is proportional to the displacement.^^ And it was just 
with the help of such electrons that, as is well known, P. 
Drude,^ W. Voigt,'^ M. Planck,^ and H. A. Lorentz^ 
succeeded in building up large regions of theoretical optics, 
namely, the theory of dispersion and absorption, and the 
magneto-optical effects (magneto-rotation and Zeeman effect). 

84 
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Moreover, the Thomson atomic model was able, by following 
the classical doctrine of the theory of electrons, to do what 
must be demanded of every serviceable atomic model, viz. to 
explain the emission, as a result of the oscillation of its 
electrons, of sharp, i.e. essentially monochromatic " spectral 
lines," the position of which, on account of the quasi-elastic 
restoring force,236 was independent of the intensity of the 
excitation, that is, of the energy of the oscillations. 

In three important points, on the other hand, the model 
failed completely. In the first place no success at all, unless 
with complicated and artificial hypotheses invented ad hoc, 
attended efforts to deduce from Thomson's model the formnlte 
for the optical series, for example, the simple formula for the 
Balmer series of hydrogen.^sT Secondly, the model could not 
account for the division of the spectral lines in an electric 
field as observed and closely studied by /. Starh^^ (Stark 
effect), in spite of the fact that it had been found most 
valuable, in the hands of H. A. Lorentz, for explaining and 
calculating the Zeeman effect.^ss Thirdly, it was not in a 
position to explain the large individual deflections, sometimes 
exceeding 90°, which, according to H. Geiger and Marsdew,24o 
a-particles undergo in passing through thin metallic foils. 
For on their way through the metallic foil, the a-particles, 
which are known to be doubly charged helium atoms, come 
into the neighbourhood of the metallic atoms and are more 
or less deflected from their straight paths by the electric fields 
of the atoms. If, now, the metallic atoms were Thomson 
atoms, the electric field of these atoms would attain its 
greatest value at the surface of the positive sphere, at a 
distance therefore of about 10 " ^ cms. from the centre of the 
atom. For from the surface outwards the field decreases, 

according to Coulomb's Law, with ~^, while it grows from the 

centre to the surface proportionately to r. Those a-particles, 
therefore, which pass close to the surface of the positive 
sphere, must undergo the greatest deflection. An easy ap- 
proximate calculation shows, however, that the field at this 
distance from the centre is far from being strong enough to 
explain the great deflections which Geiger and Marsden have 
observed. This weighty reason led E. Butherford 2« to set up. 
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instead of the Thomson model, a new one, which was able to 
explain the large deflections of the a-rays. According to the 
Butherford atomic picture, the electropositive part of the 
atom is compressed into an extremely small space ^^ the so- 
called nucleus. Its charge E consists in general of z positive 
elementary charges e, so that E = ze. Here z is, according to 
a hypothesis of VMi den Broek,^^ the atomic number of the 
element, i.e. the number which gives the position of the 
element in the series of the periodic table. Thus, for example, 
z = 1 for hydrogen, 2 for helium, 3 for lithium, and so on. 
About this nucleus the electrons describe planetary paths, 
that is, circles or Kepler ellipses with the nucleus as focus, 
since the electrons are attracted by it in accordance with 
Coulomb's Law (inversely proportional to the square of the 
distance). 

In the electrically neutral atom having the atomic number 
z, z electrons circle round the nucleus. For example, the 
neutral hydrogen atom consists of a singly charged nucleus 
(E = e) around which one electron revolves in a circular or 
elliptic path. 

That this Butherford model is actually able to explain the 
cause of large deflections of the a-particles is seen at once ; 
for the field-strength of the nucleus, in contrast to Thomson's 
model, increases strongly up to the immediate neighbourhood 
of the nucleus, in accordance with Coulomb's Law; hence, 
if the positively charged a-particles come very close to the 
nucleus— that is, much nearer than 10 -^ cms. — then they are 
exposed to the extremely powerful repulsion of the nucleus. 
On closer examination, the Butherford atomic model dis- 
appoints us seriously : for the revolutions per second, v, of 
the electrons depend on the energy of the system.^** If, 
therefore, we suppose, according to the classical electron 
theory, that an electron revolving at v revolutions sends out 
an electromagnetic radiation of frequency v, then, since the 
system loses energy by this radiation, v must diminish cor- 
respondingly. But this means that the atom is unable to emit 
a sharp, homogeneous spectral line. 

§ 2. Bohr's Model of the Atom 
It thus appears that we are obliged to reject this model at 
the very outset. But the history of physics has decided 
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otherwise. With deep-sighted intuition, Niels Bohr saw the 
possibihties of Butherford's model and brought it under the 
quantum theory by making three bold hypotheses.MB In the 
first place, he assumed that the electron (or electrons) cannot 
revolve around the nucleus in all paths possible according to 
the view of mechanics, but only in certain discrete orbits 
determmed by the quantum theory. If we restrict ourselves 
as Bohr did initially, to circular paths, then only those paths 
of an electron are allowable from the view of the quantum 
theory for which the moment of momentum (angular mo- 
mentum) of the revolving electron is a whole multiple of 
g-, in exact agreement with the quantum condition (81) or 

(82) for the rotating molecule. 

This gives, in the simplest 

ease for the quantum paths of 

the electrons, a discrete family 

of concentric circles around 

the nucleus, with radii, which 

are related to one another as 

the squares of the whole 

numbers (1 : 4 : 9 : 16 : 

). See Fig. 9. 

Secondly, these "allow- 
able " orbits are stationary ; 

they are in a certain sense 

stable states of motion. This stability is gained by making 
the radical condition that the electron — in striking contrast 
with everything that the classical theory has taught us — 
shall not radiate when in the stationary paths. Since by 
this " decree " the loss of energy is abolished, the electron 
can continually revolve in such a "quantum path." That 
there are such "non-radiating" paths in the atom, is be- 
yond doubt. Among other things, the constancy, in time, 
of the para- and ferro-magnetism of bodies, which is 
generated by revolving electrons, speaks in favour of this 
view. But how electrodynamics must be altered in order to 
guarantee the non-radiation of the quantum paths, and only 
of these, is a question which as yet remains unanswered. As 
have now abolished the "classical" radiation of the 




Fig. 9. 



we 
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atom, the actually observed emission must be accounted for 
by a new hypothesis. Here, again in direct connexion 
with Planck's original quantum rule, Bohr's third condition 
takes effect: when the electron passes from one allowable 
quantum orbit, in which the energy is TFij, into another 
allowable quantum path of energy TFj, energy amounting to 
Wi - Wi is radiated in the form of an energy-quantum hv of 
homogeneous, monochromatic radiation. The frequency of 
the radiation emitted is determined by "Bohr's Frequency 
Condition : " 

. = ^^-^1 .... (92) 
h 

We can follow Einstein^^ in imagining the passage from 
the state of higher energy to the state of lower energy as a 
sort of radio-active disintegration, the occurrence of which in 
time is determined by chance. The details of this passage and 
the release of energy accompanying it are, however, entirely 
obscure up to the present. 

§ 3. The Hydrogen Type of Series according to Bohr's Atomic 
Model 

However bold and unorthodox Bohr's three hypotheses 
may have appeared, their success was surprising. If we apply 
them to a "hydrogen type" of Butherford-&tom in which 
a single electron revolves around a positive nucleus with a 
z-fold charge, we get 2*' for the frequencies of the spectral 
lines, which the electron emits in passing from the nth to the 
sth quantum path, the following values : 



27r2e*m22/l l\ 

p — ( ~2 - -2 ) («. *» charge and mass") 

' J of electrons I 

= Nz"^ (~^ g J [s, n whole numbers I 



If we here set z = 1 (hydrogen), s = 2, n = 3, 4, 5 . . . M,e 
get in exactly the same form the empirical expression for the 
Balmer series of glowing hydrogen 2M 

•'^^(i-i) (™ = 3,4,5...) . (94) 
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For the constant iV which appears in the empirical formula, 
the so-called Bydberg number, Bohr's Theory therefore gives 
the expression 

^='^- • . . (95) 

If we use here the well-known values 
e = 4-774 X 10 - 10 [Millikan) h = 6-55 x 10 - « (Planck) 

-~ = 1-77 . 10^ 
mc 

then it follows from (95) that 

N = 3-27 . 1015 

while the empirical Bydberg number has the value 3-29 . lO^*. 
This striking agreement and the resolution of the Bydberg 
number into universal constants is one of the main achieve- 
ments of Bohr's Theory,^" and forms a strong argument for 
its innate power. We may say that, according to . Bohr's 
original theory, the individual lines of the Bahner series {Ha, 
Hp, Hy, . . .) are emitted when the electron jumps from the 
3rd, 4th, 5th . . . orbit into the 2nd, 

With this statement, however, the achievements of formula 
(93) are not exhausted. For it includes, as we easily see, 
further spectral series of hydrogen. Namely, if we set s = 1, 
m = 2, 3, 4 ... we get the ultra-violet series that was found 
and measured by Lyman. '^^ If on the other hand we set 
s = 3, w = 4, 5, 6 . . . we get the infra-red Bergmann series, 
the first two lines of which were measured by F. Paschen.^^ 

The element which follows hydrogen in the Periodic System 
is helium (atomic number e = 2). While, however, the con- 
stitution of the neutral helium atom with its two electrons 
is already more complicated — according to the latest investi- 
gations, the two electrons circle around the nucleus in two 
different orbits — the simply ionised helium atom, which has 
therefore a single positive charge, is entirely "of the hydrogen 
type ; " for it consists of a doubly-charged positive nucleus 
around which an electron rotates. The sole difference, as 
compared with the hydrogen atom, thus consists in the 
doublingj^of the nuclear charge, s = 2. The series emitted 
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from the positive helium atom may therefore, according to 
(93), be comprised in the formula 



H'-iO • • ■ ^''^ 



where N is again the Bydherg number as defined in (98). If 
we here set s = 3, ?i = 4, 5, 6 . . . we get the so-called 
" principal series of hydrogen " which was observed by 
Fowler 262 and very recently measured with great care by F. 
Paschen.^^ For s = 4, « = 5, 6, 7 . . . we get the so-called 
"second subsidiary series of hydrogen," which was observed 
by Pickering 254 and Evans.^^ Both series were, before the 
advent of Bohr's Theorj', falsely ascribed to hydrogen. 

A new and extremely noteworthy result of Bohr's Theory is 
revealed, if we allow for the movement of the nucleus in our 
calculations. For, in reality, the nucleus is not stationary, 
but nucleus and electron revolve about their common centre 
of gravity. By taking this fact into account we are led to 
a slightly altered expression for the Bydherg constant. In 
place of (95) we get the formula 

N - _3!*l2^ . . . (97, 

in which M denotes the mass of the nucleus. It follows 
from this that for different elements, for instance, hydrogen 
and helium, the Bydherg constant differs somewhat and is 
smaller for hydrogen than for helium (since Ma< M^^). In 
general, the value of the Bydherg constant increases with 
increase of atomic weight tending towards a limiting value. 
All this is in perfect agreement with the results of many 
years of spectroscopic research. 

In the same way as emission, absorption has a quantum- 
like character, according to Bohr's model. If light, say of 
the first Balmer line {H^, falls upon a hydrogen atom, a 
quantum hv of this external H^ radiation is used to " raise " 
the electron into the third quantum orbit. An amount of 
energy Kvb^ is taken from the external radiation, that is, light 
from the line Ea is absorbed. 
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§ 4. The Structure of the Periodic System 

Even in his earliest papers Bohr endeavoured to construct 
for the higher elements as well (Li, Be, B, C, etc.), in con- 
nexion with the Periodic System, suitable atomic models 
with several rings of electrons, each occupied by several 
electrons, in which, for example, the well-known octaves of 
the system are reproduced by a regular arrangement of the 
external electrons which recurs at every eighth element, 
while the number of the electrons revolving in the outermost 
ring is equal to the valency of the element in question. 

W. Kossel 286 arrived at a similar structure of the atoms as 
a result of a profound investigation of the formation of mole- 
cules from atoms. Also, L. Vegard,''^'' A. Sommerfeld,^^ and 
B. Ladenburg 259 have constructed analogous atomic models, 
particularly taking into account the well-known up-and-down 
curve of atomic volumes, and using them to explain other 
periodically varying properties (paramagnetism, ionic colour). 
These considerations, although they are tending indisputably 
along the right lines as far as the general principles are con- 
cerned, are not yet firmly established in detail. 

§ 5. The Quantum Hypothesis for Several Degrees of Freedom 

While the quantum hypothesis in its most primitive form 
demonstrated in this way its innate power by entering the 
field of atomic dynamics, it had, in doing so, gained little as 
far as its own development was concerned. But the fruits of 
Bohr's Theory ripened more rapidly than could have been 
divined. Already the year 1915 brought a decisive develop- 
ment : almost simultaneously, Planck and Sommerfeld inde- 
pendently found the solution of a problem that had long been 
a burning question, namely, the extension of the quantum 
theory to several degrees of freedom. Sommerfeld 26" retained a 
close connexion with Bohr's Theory in attacking the problem. 
The first main condition of this theory related to the choice 
of " allowable " stationary orbits among all those mechanically 
possible. According to this, as we saw, only those orbits 
were allowed for which the moment of momentum {Impuls- 

moment) « is a whole multiple of ^. This may also be 

Mir 
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expressed according to (81) and (82) thus : among all mechan- 
ically possible paths, only those are allowable and stationary 
for which the phase-integral fulfils the condition : 

Ipdq = nh . . . . (98) 

In this quantum condition we are to replace according to 
(82) the general co-ordinate q by the angle of rotation (the 
" azimuth ") <^, the impulse^ by the " impulse (or momentum) 
corresponding to <j>," namely, p^ (the moment of momentum). 
The integration is thereby to be extended over the whole range 
of values of the variable q, that is, in the present case, from 
to 27r. 

In the case of the original Bohr Theory, which considers 
only circular orbits, there naturally exists only a single 
quantum condition, namely, that for the case q = <(>, since 
the angle of rotation <^ is the only variable of the path. 
Matters are otherwise, when we reject the limitation to 
circular orbits, and hence take Zis^Zer-ellipses into account. 
Then each point of the path is determined by two variables, 
namely, by the distance r of the electron from the nucleus, 
which is at the focus of the ellipse, and by the angle <^ (the 
" azimuth ") which r makes with a fixed direction (say with the 
straight line, which joins the nucleus to the perihelion). In 
this case we are presented with a problem of two degrees of 
freedom, with two generalised co-ordinates, r and <^ (polar 
co-ordinates). The simple extension of the quantum hypo- 
thesis by Sommerfeld now consists in setting up in this case 
two quantum conditions of the form (98), one for the co- 
ordinate <t>, which agrees with the single quantum condition of 
Bohr's Theory, and a new one for the co-ordinate r, so that 
the selection of the stationary orbits is here determined by 
the two following equations : 

f p^dcji = nh . . . . (99) 



\prdr = n'h . . . . (100) 

n and n' are here whole numbers, p^ and p,. are the impulses 
(momenta) corresponding to the co-ordinates <j> and r.26i The 
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integration in (100) is to be taken over the full range of 
values of r, that is, from the smallest value r^in (perihelion) 
to the greatest value r^ax (aphelion) and back to the smallest 
I'mm. (99) is called the azimuthal quantum condition, n being 
the azimuthal quantum number; (100) is the radial quantum 
condition, n the radial quantum number. 

In a corresponding manner the extension may be carried 
out for more than two degrees of freedom. If the system has 
/ degrees of freedom, and if it is therefore characterised by 
the / generalised co-ordinates g^, q.;., Qs . . . and the corre- 
sponding impulses ^j, p.^, p^ . ."., then the "allowable" 
movements of the system are limited by the / quantum 
conditions : 

\Pidqi = n^h ; hhdq^^ = n.j,h, . . . \pydqf = n/i . (101) 
()ti, 11., . . . n/ are positive whole numbers). 

In every one of the / phase-integrals the integration is to 
be performed over the full range of values of the co-ordinate 
in question. 

A difficulty, which arose here from the outset, was the 
question as to which co-ordinates ought to be chosen for the 
application of the quantum rule (101), or whether the choice 
is immaterial. In general, we may characterise a system of 
several degrees of freedom by various types of co-ordinates ; 
for instance, we may describe the Kepler movement of the 
electron either by polar co-ordinates r and <j>, or by Cartesian 
co-ordinates x and y. This question is the more urgent, 

when one considers that the separate phase-integrals \pidqi do 

not really become constants for every choice of co-ordinates, 
as is required by the quantum rule (101).262 p. s. Epstein ^63 
and K. Schwarzschild'^^ have solved, independently of one 
another, this problem of the " correct choice of co-ordinates " 
to a certain extent. Incidentally, an interesting and sur- 
prising relation of the quantum rules (101) to a long-known 
theorem of classical dynamics was revealed, which had been 
propounded by Jacohi and Hamilton, and had hitherto been 
successfully applied in celestial mechanics. Finally, quite 
lately, A. Einstein,^^ by modifying the expression (101), has 
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put forward a quantum hypothesis which has the advantage 
of being independent of the choice of co-ordinates. But a 
closer discussion of these abstract investigations would lead 
us too far here. 

The second formulation of the quantum hypothesis for 
several degrees of freedom is due, as already mentioned, to 
M. Planok.^^ It is, as it were, more cautious in its nature 
than the more radical attack of Sommerfeld. Plaiick, con- 
tinuing directly from the division of the phase-plane of linear 
oscillators already discussed, starts from the so-called Gibbs 
phase-space to deal with more complicated systems. For a 
system of/ degrees of freedom, which is characterised by the 
co-ordinates g_i, g,^ ■ ■ ■ qj and the impulses p^, p-i ■ • • Pf, 
the Gibis phase-space is that 2/ dimensional space, the points 
of which possess the 2/ co-ordinates q-^ . . . p/. Bach point 
of the phase-space (phase-points) represents, therefore, a 
definite momentary state of the system in question. Planck 
now gives this phase-space, in exact analogy to the phase- 
plane, a cellular structure, by bringing into prominence 
certain specially distinguished boundary surfaces. At the 
same time the size of the cells is proportional to hf. The 
points of intersection of those boundary surfaces then repre- 
sent the distinctive quantum states or phases of the system 
(that is, according to Planck's first theory the only possible, 
the " allowable " conditions). In contrast with Sommerfeld' s 
Theory, in which the motion of a system of / degrees of 
freedom is always determined by / quantum conditions, in 
Planck's, under certain circumstances, the case may occur 
that fewer quantum conditions than degrees of freedom exist, 
so that several (" coherent ") degrees of freedom are limited 
by a single quantum condition. 

§ 6. Sommerfeld's Theory of Relativistic Fine-structure 
That these theories had found the kernel of the matter was 
soon to be shown by applying them to Bohr's atomic model. 
According to them from among all the mechanically possible 
paths, which the electron can describe about the 2-fold 
positively charged nucleus, the allowable, stationary paths 
must be determined by the two quantum conditions (99) and 
(100). This gives, in place of the discrete, quantised circles 
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of Bohr, discretely quantised Kepler ellipses, among which 
also the Bohr cu-oles are included, as special cases. And 
further, the ellipses are quantum-determined, both with re- 
ference to their sizes (i.e. to their major axes), and to their 
form (i.e. the relation of the axes to one another), so that here 
every orbit, as compared with Bohr, is characterised by two 
quantum numbers n and n'.^ In place of formula (93) for 
the hydrogen type of series, we get the general formula : 288 

v = Nz^\ l,— --^—-\ . (102) 

[_{s + sy (re + nfj ^ ' 

Here again iV, the Bydberg constant, is given by (95), or 
more exactly (the motion of the nucleus being taken into 
account) by (97) ; s and s' are the two quantum numbers 
(azimuthal and radial) of the final orbit of the electron; n 
and n' aTe the quantum numbers of its initial orbit. Since 
, also, as a result of this more complete view of Sommerfeld, 
the number of allowable orbits is greatly increased, as com- 
pared with those arising from Bohr's Theory (owing to the 
addition of the ellipses), the electrons have a great many 
more possibilities in passing from one orbit to another, that is, 
the chances of generating spectral lines are multiplied. But 
we easily recognise the following fact : if we choose as the 
final orbit of the electron any one of those orbits, for which 
the sum of the quantum numbers s + s' has a definite value, 
say s + s' = 2, and as initial orbit, any one of those paths, 
for which n + n' has a definite value, say n + 7i' = 3, then 
all the different transitions of the electrons from any one of 
these initial orbits to any one of these final orbits generate 
always the same line (in the case of the figures above chosen i 
it vfill be the first Balmer line) ; for according to (102) the 
frequency of the line emitted depends only upon the sum 
s + s', and the sum n + n', and on the other hand not on the 
separate values of s, s', n, n'. It would thus appear as if 
nothing is gained physically by Sommerfeld's elaboration of 
the theory as compared with Bohr's original theory. How- 
ever, as Bohr had already pointed out, the calculations are 
incomplete in one important respect, which become of funda- 
mental importance when consistently taken into account, 
and which represents the main achievement of Sommerfeld's 
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theory of spectral lines. Namely, the velocities of the 
electrons, which appear in these problems, cannot be con- 
sidered negligibly small compared with the velocity of light. 
In this case, however, we cannot, as we know, calculate by 
the methods of classical mechanics, which regards the mass 
of the electron as constant, but must take our stand wpon the 
theory of relativity, and hence take into account the variations 
of the mass of the electron with its speed. Sommerfeld com- 
pleted the calculation in this respect. The paths of the 
electron and the nucleus differ, in this refinement of the 
theory, from the ordinary Kepler ellipse in that the perihelion 
of the orbit advances in the course of time, and that the path 
loses its closed character. This has the eflfect that the energy 
of the electron in the stationary quantum-chosen orbits — which 
here also are determined by (99) and (100) — -are no longer 
solely dependent on the sum of the quantum numbers as in 
the case of the non-relativistic Kepler motion, but that the 
quantum numbers n and n' also enter, separately, into the 
expression for the energy. Only as a first approximation, 
therefore, i.e. when the relativity correction is neglected, 
will the frequency v of the spectral line emitted depend on 
the quantum sums s + s' and n + n' alone, as (102) shows. 
If we take into account the relativistic change of mass of the 
electron, on the other hand, v will also depend on the 
individual values of s, s', n, m'.269 it follows, therefore, that 
the various possibilities, above considered, of the generation of a 
definite spectral line, iliat is, the passage of an electron from 
any one of the initial orbits s + s' = constant to any one of the 
final orbits n + n = constant, no longer produce exactly the 
same line, but give rise to slightly different lines, which, how- 
ever, on account of the smallness of the relativity effect, lie 
very close together. This is Sommerfeld' s explanation of the 
fine-structure of the spectral lines in the case of the hydrogen 
type of spectra. For example, according to Sommerfeld, the 
first line of the Balmer series (the red hydrogen line H^ must 
consist of five components, which are arranged in two chief 
groups (of two and three each). The mean distance of these 
two groups from one another should amount, according to the 
theory,*™ to about 0-126A; the best measurements of the 
hydrogen doublet gave the value 0-124:1 (Paschen, Meissner). 
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S/?' T^f "^^""fu ' ""^'^^^^ 'P^^^' '*"°^g^y i"^ f^^o^r of Sommer. 
jeia s iheory, the exact measurements, by F. Paschen,^i of the 
fine-stnicture of the lines of positive helium (Fowler series) have 
given a still more convincing proof of its correctness ; almost 
tvithout an exception, all the components requwed by the 
theory of the fine-structure appeared on the photographic plate 
and thus proved strikingly the existence of the stationary path's 
of the electron and its relativistic change of mass. 

Two interesting consequences may yet be mentioned here ; 
they are directly connected with Sommerfeld's Theory and 
Paschen's observations. First of all they have rendered 
possible the use of the fine-structure measurements for a 
direct "spectroscopic" determination of the three funda- 
mental constants e, 7w„ (mass of the electron at infinitely low 
speeds), and ^.272 Secondly, K. Glitscher ^i^ was able to 
show that we only find the spectroscopic observations, for 
example, the size of the hydrogen doublet, in agreement with 
the theory, when we use for the variation in the mass of the 
electron the formula given by the theory of relativity. On 
the other hand, Abraham's Theory of the rigid electron leads 
to formulae which do not agree with experiment. 

§7. Higher Elements 

We thus see that Rutherford's atomic model as further 
developed by Bohr and Sommerfield far exceeded the ex- 
pectations which it could reasonably be expected to fulfil. At 
any rate, it has revealed to us the optical series of hydrogen 
and helium with undreamed-of precision as far as the finest 
details. But beyond these primary gains, it has undertaken 
a further series of successful attacks. Thus Landi 271 -vyas 
successful in calculating the two series-systems of neutral 
helium (helium and parhelium) by taking, in contra- 
distinction to Bohr, a model of the neutral helium atom in 
which the two electrons circle around the double positive 
nucleus in two different orbits, either co-planar or else 
inclined at an angle to one another. In this case then, the 
external electron, the leaps of which generate the radiation, 
moves in a field in which the simple Coulomb Law no longer 
holds, on account of the disturbing influence of the inner 
electron. Examples of this type which differ from that of 

r 
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hydrogen have been generally investigated by Sommerfeld, 
who has shown 2" that by giving up the Coulomb field we 
arrive, to a first and second approximation, at the Bydberg 
and Bitz forms of the series laws. A very promising 
beginning in setting up a quantum theory of the spectral 
lines was thus made. 



§8. The Stark Effect and the Zeeman Effect in Bohr's Theory 
of the Atom 

Under the circumstances the question forces itself upon us, 
whether the atomic model in its present state of development 
is able to account for the Starh effect, that is, the splitting up of 
the spectral lines as a result of the action of an external electric 
field on the electrons emitting the lines. For, as we may 
remember, the original Thomson model had completely failed 
just at this point. And how do matters stand as regards the 
Zeeman effect, the splitting up of spectral lines as a result of 
an external magnetic field? Could the new model explain 
these phenomena as well as the old ? Both questions have 
fortunately been answered in the affirmative. As regards the 
Stark effect, P. S. Epstein,'^^ in an important paper, succeeded 
in demonstrating the following : if we calculate the motion of 
the electron under the influence of the nucleus and the 
external field, according to the methods usual in celestial 
mechanics, and then choose from among all mechanically 
possible motions the allowable stationary orbits by applying 
the modern quantum rules for several degrees of freedom, and 
if, thirdly, we allow the electron to leap from one of these 
stationary paths into another (whereby we limit the infinite 
number of possible passages by a "principle of selection" 
presently to be discussed), then the Bohr frequency formula (92) 
gives with the most admirable accuracy and completeness, both 
as regards position and number, all the components of the 
resolved lines as observed by Stark in the cases of hydrogen 
and positive helium. This astonishing result must be re- 
garded as a further strong support of the correctness of 
Bohr's model and its system of quanta. The theory of the 
explanation of the Zeeman effect has up to the present not 
been quite so successful. It is true that Debye 2" and 
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Sommerjkld^ti have been able to derive the normal Zeeman 
effect (division of the original line into a triplet when the 
line of observation is perpendicular to the lines of force) by 
calculation from the model. The explanation, however, of 
two important phenomena in this field has not yet been 
accomplished: firstly, the anomalous Zeeman effect and its 
laws {Bunge-Preston rule), and secondly, the fact, discovered 
by Paschen and Bach™ that even in the case of lines with a 
complicated fine-structure, the normal triplet is formed as 
the magnetic field grows. Further investigation will, it may 
be hoped, unravel those dif&oulties. 

§ 9. The Principles of Selection of Rubinowicz and Bohr 

Inasmuch as the foregoing considerations deal only with 
the position of lines in the spectrum, i.e. with their frequency, 
we are still confronted with the problem of their form of 
vibration, i.e. their intensity and polarisation. Moreover, the 
important question had yet to be answered, whether all leaps 
of the electron from any one stationary path to any other 
are possible, or whether the number of allowable transitions 
must be limited by some " principle of selection." This 
also is, fundamentally, a question of intensity, for the position 
may be regarded as follows : the forbidden transitions corre- 
spond to zero intensity. The solution of this whole complex 
of problems has been greatly advanced quite recently. In 
the first place, A. Bubinowicz,^^ by applying the law of the 
conservation of the moment of momentum (impuls-moment) 
to the system atom + radiated wave, arrived at a principle 
of selection and a rule of polarisation of the following form : 
in atoms of the hydrogen type, which are removed from the 
influence of external fields of force, the azimuthal quantum 
number n of the electron [see formula (99)] can only alter by 
0, +1, or -1, when emission takes place. In the first case, 
the light radiated is linearly polarised, in the two other 
cases circularly. The position of the plane of the orbit 
remains unchanged during the process of emission. In 
the case of atoms differing from the hydrogen type, and 
of more complicated structure, the position is less simple ; 
if we set the total moment of momentum of all the 
masses forming part of the system (we know that this 



100 THE QUANTUM THEORY 

impulse remains constant during the motion), equal to a 

h . . . 
whole number, n*, times s— , it is just the changes in this 

number n* during the emission which must be limited by the 
principle of selection in the same manner, as, in the case 
above, the alterations in the azimuthal quantum number of 
the individual electron in its leaps were limited. Here also, 
zero change in the azimuthal quantum number gives linear 
polarisation, changes by + 1, on the other hand, lead to 
circular polarisation. In place of the orbital plane we get 
the " invariable plane " (at right angles to the total moments 
of momentum or impulse-moments), the position of which in 
space remains unaltered. If, finally, the atom is exposed to 
an external field, say a homogeneous electric field (Stark 
effect) or a homogeneous magnetic field {Zeeman effect), then, 
as we know, only that component of the total turning 
impulse remains constant during the motion of the masses 
forming parts of the atom which is parallel to the external 

field. If we set these components of impulse = m,o- then 

only the alteration of this number n-^ will be limited by the 
principle of selection (that is, the alterations must be 0, + 1). 
The principle of selection is thus clearly weakened in its 
action by the external field, and can, if fields of irregular 
strength and direction act on the atom, become completely 
illusory, as, for example, in the case of electric discharges. 

By means of entirely different considerations, N. Bohr 2Si 
arrived at results which coincide, in essentials, with those of 
Bubinowicz, but exceed them greatly in range. Bohr started 
from the fact that in the limit for large quantum numbers 
when the successive stationary states of the atom differ very 
little in the energy they involve, the frequency that the 
electron emits in its passage between neighbouring states 
becomes identical with the rate of revolution in the stationary 
orbit.282 The electron therefore emits, according to Bohr's 
frequency condition, the same line that it sends out accord- 
ing to the classical theory of electrons. In other words, for 
very high quantum numbers, the quantum theory passes over 
into the classical theory. {Bohr's "Principle of Correspon- 
dence or Analogy.") Arguing from this principle, Bohr pro- 
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eeeds as follows : according to classical mechanics, the motion 
of the electron in Bohr's atom may be represented as the super- 
position of component harmonic vibrations of the frequency ; 

I'm = TiO)j + T^Ul^ + . . . + TjWf . . (103) 

Here, Tj . . . t/ are whole numbers which in general may 
have all values between - oo and + oo ; the (Oj . . . oy are 
certain constants which depend on the character of the 
motion : / is the number of degrees of freedom. Let the 
amplitude of the partial vibration characterised by the 
numbers t^ to r/he A^i . . . A^f. Then, according to classical 
electrodynamics, vki is the frequency of the radiated partial 
wave (t^ . . . Tf) and A^-^ . . . A^f is a measure of its in- 
tensity. On the other hand, the following result is derived 
from the quantum theory {Bohr's frequency formula) for high 
quantum numbers : in the transition from an initial state 
characterised by the quantum numbers m^, m^ . . . rrif into a 
final state corresponding to the quantum numbers «j . . . W/, 
a line of frequency 

vQu = (Wi - rei)o>i -H (OTj - '»2)"2 + • • ■ + ("V- %)"'/ ■ ■ ■ (10^) 
is emitted. Here the quantities wj . . . co/ are the same 
constants as in (103). But, according to Bohr's Principle of 
Analogy, for high quantum numbers vu = vqu. Hence there 
follows from a comparison of (103) with (104) 
Tj = mj - Wj, Tg = mg - ?i2 . . ., . . .Tf = mf - Hf . . . (105) 

i.e. the " classical " partial vibration (tj . . . t,) corresponds to 
that quantum transition, in which the quantum numbers alter 
by exactly t^ . . . t/. The polarisation and intensity of the 
wave emitted during this quanPwm transition may be calculated 
from the form of vibration and amplitude of the " corresponding 
classical " partial oscillation. This principle which has been 
derived for high quantum numbers is extrapolated by Bohr 
with great boldness over the region of all quantum numbers. 
Thus the important " principle of correspondence " is obtained. 
If in the development of the electronic motion in terms of 
partial vibrations the term (t^, t^ . . . ?/) is missing, then 
the corresponding transition 

mj - Wi = fj, wSj - ^2 = T2 . . ., m; - nf = t/ 
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is not present. Hence there follows, for example, for atoms 
of the hydrogen type in a field free from force, the law that 
the azimuthal quantum number can in all emissions only change 
by + 1 or - 1, both of which lead to circularly polarised 
radiation. This law is somewhat more limited in form than 
that of Bubinowioz. 

Both the principles of selection and the rules for the 
polarisation and the intensity have stood the test of compari- 
son with experiment. Bubinowicz himself showed that his 
principle of selection and the rule of polarisation are in agree- 
ment with Paschen's measurements of the fine-structure of 
the helium lines, and further with the observations of the 
Starh effect and the normal Zeeman effect. P. S. Epstein ^^ 
and H. A. Kramers ^^ went still further, and were able to 
prove by profound investigations, based on Bohr's Theory, that 
the calculations of intensity along the lines sketched above 
were also in surprising agreement with observation. Finally, 
Sommerfeld and Eossel 28s in an interesting study have applied 
the Bubinowicz principle of selection to spectra differing from 
the hydrogen tjrpe as well, and have shown that it is able to 
explain why certain series appear more readily and are more 
favoured than others, as it were, and that, by the selection of 
the "possible" transitions, it sets a limit to th'e multiplicity 
of possible combinations in a manner which, so it appears, 
entirely agrees with experience. 

§ 10. Collision of Electrons on the Basis of the Bohr Atom 

WhUe in this way, through the interpretation and unravell- 
ing of the universe and the almost bewildering abundance of 
spectroscopic observations, the conviction of the correctness 
of Bohr's atomic model deepened more and more, a series of 
observations of quite another kind became known and contri- 
buted considerably to the consolidation of Bohr's Theory. 
These were the investigations already mentioned earlier in 
connexion with the light-quantum hypothesis, which dealt 
with the collision of free electrons with gas molecules and 
atoms. These researches were conducted particularly by 
J. Franck and G. Hertz 286 and, in succession, by a considerable 
-number of American investigators in a systematic manner. 
The manifold results of these interesting researches may be 
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sketched here schematically by a simple example. What 
have we to expect when electrons collide with a Bohr Atom ? 
As a simple type of Bohr atom, let us choose a model in which 
2 electrons revolve around a 2-fold positively charged nucleus 
in stationary quantum paths. The nature and spatial arrange- 
ment of these paths, as well as the distribution of the electrons 
among the individual paths will be left open, and we shall 




Fig. 10. 

make only the simplifying assumption that one electron^the 
so-called valency electron— revolves alone in the outermost 
orbit (1) (see Fig. 10). Let this be the "normal," unexcited 
state of the atom. The hydrogen atom {z = 1) is, as we know, 
constituted in this way, and, of the neutral complicated atoms, 
the atoms of the vapours of the alkali metals (Li, Na, K, Eb, 
Cs) very probably also fall under this scheme. If by any 
addition of energy the electron is " raised " from its normal 
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orbit (1) to a higher orbit (that is, one having more energy), 
say into the orbit (2), (3), (4) and so forth, and if it " falls " 
from these back into orbit (1), then the 1, 2, 3 . . . line of the 
so-called " Absorption-series of the unexcited atom " (principal 
series) is emitted. The frequencies of the lines emitted are 
regulated by Bohr's frequency condition (92), i.e. that the loss 
of energy W„ - W^ incurred in passing from the nth to the 
first orbit is equal to a quantum hvn,i °^ *^® ^^^^ emitted : 

Tr„ - TFi = hv^,^ .... (106) 

The additional energy required to " raise " the electron to the 
higher energy level can be obtained in two ways : firstly by 
absorption of external radiation ; secondly (and that is the case 
we are dealing with here) by electronic impact. If external 
radiation of frequency v„,i falls upon the atom, a quantum 
hvn,i oi this radiation is absorbed and is used to raise the 
electron from the energy level TF^ to the higher level W„ 
= TFj + hvn.i- 1° falling from this to the original level, the 
electron then emits the light corresponding to the line absorbed. 
The circumstance is further noteworthy, that the electron, 
when it is raised to the level (2), has no other choice than to 
return to the initial level, whereas from orbit (4) it can make 
one of three possible transitions — to (3), (2), and (1). If, 
therefore, the atom has absorbed light corresponding to the 
line v^ti from the external radiation, it will re-emit this line 
with its full complement of energy. The first line of the 
absorption series is, therefore, in contrast with all other lines, 
a so-called resonance line. 

If the energy required to raise the electron is furnished by 
tfce impact of an outside electron, then — as Franck and Hertz 
were the first to prove — the intruding foreign electron will be 
reflected from the atom perfectly elastically (according to the 
mechanical laws of elastic impact), as long as its energy 
remains below a certain critical value jE^j. If this energy 
value is reached, the impinging electron loses all its energy, 
and gives it up to the electron of the atom which has been 
struck (" inelastic impact "). What does this mean according 
to Bohr's view of the atom ? Obviously Er is nothing other 
than W„ - W-^, that is, the energy which is necessary to raise 
the electron from its normal state in the atom to the orbit i,2). 
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The result of this electronic impact, which adds energy of 
amount Er to the atom must therefore be the emission of 
the resonance line. If this view represents the kernel of the 
matter, then the energy Er must be connected with the 
frequency vjjj of the resonance line by the quantum relation 

En = hv^,^ .... (107) 

This relationship has been excellently verified by experiment. 
Thug Tate and Foote,^'' for example, find in the case of 
sodium, that the first inelastic electronic impact takes place 
when the impinging electron is accelerated by a potential 
of Vb = 2'2 volts, the so-called resonance potential. The 
energy communicated by this potential to the impinging 
electron is 

e7« ^ 4-774 ■10-^0x2-12 ^ 3.3 . ^q_,, 
"■ 300 3 X 102 

On the other hand, the resonance line that is under con- 
sideration here is the D-line, hence 

, , c 6-545 -10 -".3 -10" o.qo Tn-12 
'" ^ KT 5-893.10-^ = 3 33 . 10 

We thus see that the relation (107) is fulfilled with great 
accuracy. The same holds for potassium (Fa = 1-55 volts, 
.-. Er = 2-47 = 10-12, A21 = 7-685 • 10-^ .-. hv^^ = 2-55 • IO-12). 
In the case of the inert gases (helium, neon, etc.) and the 
vapours of mercury, zinc and cadmium, similar qualitative and 
quantitative relations — with some modifications — occur. The 
excitation, by electronic impact, of the mercury resonance line 
A. = 2-536 -10-5, that is 2-536^, discovered by Franck and 
Hertz, and already referred to, presents a characteristic 
example. The observed resonance potential is here 4-9 volts, 
while from the relation 

300 p 300, SQQhc 

Vr = Es = /lV2,i = --T — 

e e eAjji 

the value Vr = 4-86 volts is deduced. 

If the energy of the impinging electron is increased beyond 
Er, then an "inelastic" impact, accompanied by complete 
loss of the energy, is to be expected every time as soon as E 
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has become equal to W„ - TFj (to = 3, 4, 5 . . .)• By these 
various additions of energy the electron attached to the atom 
is raised successively to the 3rd, 4th, 5th .. . level of energy. 
If, finally, E = E^ = Wa:,~ W^, then the energy of the 
impinging electron is just sufficient to remove the electron 
attached to the atom to infinity, i.e. to ionise the atom. E(j^ 
is thus the ionisation energy, and the voltage corresponding 

to it, Fm = "^ , is called the ionisation potential. From 

e 
the relation (106) we get immediately the important equation 

^00 = ^^=^"^. . . • (108) 

That is to say, the ionisation energy is equal to the quantum 
which corresponds to the last line of the absorption series, that is, 
to the " series limit." This quantum relation has also been 
excellently confirmed in all cases. For sodium, for example, 
Tate and Foote found : V^ = 5-13 volts, which gives an 
ionisation energy of the value E^ = 8"17»10-'^. On the 
other hand, the limit of the principal series has the wave- 
length Xoo 1 = 2-413 • 10-^ from which hv^:, ^ = 8-14 • 10 -i^, 
in striking agreement with the value of E^ . 

For mercury vapour, the limit in question of the principal 
series \^ = 1-188 • 10 " *. From this follows, according to 
(108),FQr3 = 10-4 volts whOe the measurements of various 
workers gave the value 10-2 to 10-3 volts {Tate, Bergen, 
Davis and Gaucher ; Hughes and Dixon ; Bishop^. From 
all these examples, which could be considerably multiplied, 
the conclusion may be drawn with convincing clearness that 
the Bohr conceptions have laid bare the nature of the con- 
struction and the mode of action of the atom with un- 
precedented lucidity. 

§ II. Einstein's Deduction of Planck's Law of Radiation on the 
Basis of the Bohr Atom 

Under these circumstances the suggestion naturally arises to 
refound the law of black-body radiation by taking as the ele- 
mentary absorbing and emitting structure Bohr's model in 
place of the linear oscillator used by Planck. Einstein 289 has 
taken this step. In a highly important study he investigated 
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the equilibrium of energy and momentum between black-body 
radiation and a generalised Bohr model, which, stripped of all 
special properties, has only to fulfil the quantum condition of 
being able to assume a discrete series of different states. For 
the interaction between the radiation and the atom — absorption 
(Einstrahlung) and emission {Ausstrahlung) — Einstein intro- 
duces the following simple hypotheses : the frequency of the 
emissions, i.e. the transitions, accompanied by loss of energy, 
of the atom from a condition (2) of higher energy, E^, to 
a condition (1) of lower energy, S^, shall follow the same 
statistical law as that which governs the disintegration of 
radioactive bodies, i.e. the number of transitions 2 ->■ 1 in the 
time dt, or, as we may say, the number of atoms (2) that " dis- 
integrate " in this time is proportional to dt • N^, where N^ 
denotes the number of atoms momentarily in the state (2). 

But, according to Einstein, a different law regulates the 
processes called into existence by the effect of external radi- 
ation. Under the influence of external radiation two things 
may happen : either an atom may pass from state (1) to state 
(2) by taking up energy, this is the " proper positive absorp- 
tion." Or the case may also occur, that, as a result of the 
phase-relation between the field of the external radiation and 
the atom, the atom loses energy through the action of the im- 
pinging radiation, and hence passes from state (2) to state (1) 
("negative absorption"). The rate at which both kinds of 
transition are repeated is then proportional to the intensity 
K^ of the external radiation : the number of transitions 1 -> 2 
associated with positive absorption in the time dt is therefore 
proportional to N-^dtK.„ ; the number of transitions 2 ^ 1 as- 
sociated with negative absorption is proportional to N^dfR.,. 
Here JVj is the number of atoms momentarily in the state (1). 
N-^ and N^ are determined by the laws of distribution known 
from the theory of gases and statistical mathematics and en- 
larged in conformity vrith the quantum theory. There follows 
from the energy equilibrium between in-coming and out-going 
radiation at the temperature T 
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where k is BoUzmann s constant, and 4 is a constant inde- 
pendent of the temperature. From Wien's Displacement Law 
(4) it follows, firstly that A is proportional to \^ and secondly 
that E^ - E-^ is proportional to v. If, therefore, we write 

E.^- E^ = hv . . . (110) 

we recognise in this expression Bohr's frequency condition (92). 
In this way K^ assumes the form of Planck's Law of Eadia- 
tion, arising in a surprisingly simple and elegant manner from 
a minimum of hypotheses of a general character. Einstein, 
in pursuing and deepening these conceptions by writing down 
the expression for the equilibrium of the momenta in addition 
to the energies of the in-coming and out-going radiation, was led 
to the remarkable conclusion that the radiation of Bohr atoms 
cannot take place in spherical waves, as the classical theory 
of electrons requires, but that the process of emission must 
have a particular direction like the shot from a cannon. We 
cannot fail to recognise that this brings the conception that 
radiation has a quantum-like structure (light-quantum hypo- 
thesis) within realisable bounds. 



CHAPTEE VII 
The Quantum Theory of Rontgen Spectra 

§ I. The Analysis of Rontgen Spectra 

PARALLEL with the development of the science of optical 
spectra, a theory of Eontgen spectra has been developed of 
late years upon the same basis. This theory has already shed 
much light on the structure of atoms and thus forms a 
desirable extension of the theory of optical spectra. The 
investigations of Ch. Barkla, W. H. and W. L. Bragg, Moseley 
and Darwin, Siegbahn and Friman,^^ among others, have 
shown that by the impact of cathode rays upon the anti- 
cathode of a Eontgen tube two kinds of Eontgen rays arise : 
first, the so-called "impact radiation" (Bremsstrahlung) con- 
sisting of an extensive and continuous range of wave-lengths 
(similar to the continuous background of visible spectra) ; 
secondly, the " characteristic radiation," a typical line- spectrum, 
the structure of which depends so essentially on the material 
of the anti-cathode that a glance at this spectrum suffices us 
to deduce immediately and unmistakably the nature of the 
material of which the anti-cathode is composed. Thus along- 
side the optical spectrum analysis of Bunsen and Kirchhoff a 
Eontgen- or X-ray analysis presents itself. It has further 
been shown that the characteristic X-ray spectrum is a 
purely atomic property, and, indeed, an additive one. If we 
examine, for example, the X-ray spectrum, which is emitted 
by an anti-cathode of brass (copper + zinc), we find the 
lines of both copper and zinc unaltered and occupying the 
same positions as if only one metal were present in turn. No 
new lines appear. Accordingly we are led to suppose that 
the line-spectrum arises in the atoms of the anti-cathode, and 
is generated there by the impinging electrons of the cathode 
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rays. The further important fact appeared that the lines of 
the characteristic spectrum may he arranged in series, just 
like those of the optical spectrum. Thus we have discovered 
up to the present a short-wave ^-series, a long-wave i-series, 
and a still longer-wave M-series. 

The most curious feature of these spectra is their connexion, 
by a definite law, with the atomic number of their element in 
the periodic system. If we plot the position of a certain line 
(say the first line K^ of the Z'-series) for the successive 
elements of the periodic system, a perfectly regular progres- 
sive shift is revealed : the line advances with increasing 
atomic number steadily towards the shorter waves. The re- 
gularity of this advance is such that we can recognise gaps or 
false positions of elements in the periodic system immediately 
by an excessive jump. Now, according to the hypothesis, 
already mentioned, of Rutherford, v. d. Broek, and Bohr, the 
atomic number of an element is nothing other than the 
number of its nuclear charge, that is, the number of elemen- 
tary positive charges of its nucleus. If to this we add the 
phenomenon just discussed, according to which the steady 
advance of the nuclear charge in the series of the elements is 
reflected in the steady displacement of the X-ray lines, then 
we are forced to the view that the origin of the X-ray spectra 
must be localised in the immediate neighbourhood of the nucleus, 
that is, in the inmost part of the atom. For in this region the 
nucleus clearly has the greatest power and is least disturbed 
by external electrons, and hence it is here, too, that the growth 
of the nuclear charge will make itself most felt. 

The connexion between the position of the X-ray lines and 
the atomic number z was first formulated by G. Moseley.^^ 
He found for the frequency of K, (first line of the Z-series) 
and La (first line of the i-series) the empirical relation 






• (111) 



where N is the Bydberg number. 

The similarity of these relations, which are only approsi- 
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mately valid, with Bohr's formula (93) for the series of the 
hydrogen type is so striking, that it was an obvious step to 
seek to find the explanation of the Eontgen series by arguing 
on the basis of Bohr's model. 

This problem was attacked chiefly by W. Kossel,^^ A. 
Sommerfeld,''^^ L. Vegard,'^ P. Debye,^ J. Kroo,^ and A. 
Smehal.^'' And thus, in addition to the theory of the optical 
spectra which take their origin at the periphery of the atom, 
a theory of the Eontgen spectra has arisen which leads us 




Fig. 11. 



into the inmost regions of the atom. According to this theory 
we may picture to ourselves, in general terms, the emission 
of the Eontgen spectra as follows : we consider a neutral 
Bohr atom, consisting of a z-iold nucleus, around which 
2 electrons revolve. These z electrons may be arranged m 
different rings. The innermost, single-quantum ring, the so- 
called Z-ring, carries, let us say, p,, electrons in its normal 
state; let the second ring, the i-ring, be a two-quantum rmg 
occupied hyp, electrons, the third, three-quantum, the M-nng 
with 2)3 electrons, and so on (Eig. 11). The question whether 
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we can reach our goal with this conception of the ring by 
assuming the quantum numbers to increase as we go outwards, 
and whether we are to take the rings as co-planar or inclined 
to one another will be left open. The preparation for the 
emission of the Z'-series consists in this, that by the addition 
of energy — whether by absorption of external radiation or by 
electronic impact — an electron of the E'-ring is removed to in- 
finity, that is, the atom is, so to speak, ionised " inside," i.e. 
in the Z-ring. If the energy of the atom before this inner 
ionisation = TF„, and after the ionisation = Wk, then the 
amount W^ — W^^ of energy must be provided. Hence every 
radiation, the energy quantum of which satisfies the condition 
hv ~:> W^ - TFo, can on being absorbed effect the tearing of the 
electron out of the K-ving. If we allow the v of the external 
radiation to grow slowly from small values, then, at the point 

v^ = — ^— ?, a sudden increase of the absorption occurs, 

because from this point onwards the external radiant energy 
is used for the " ionisation of the K-xing." Thus an absorp- 
tion-band extends from v = vs towards higher frequencies, the 
edge of the band lying at vx- This phenomenon of the " edge 
of the absorption-band " has already been interpreted above 
in the sense of the hypothesis of light-quanta. If the addition 
of energy is provided by the impact of a strange electron, 
coming from without, then its energy must be ^ > Wx — TFq, 
that is, E ^ hvj^, a relation, which we have already deduced 
earlier from the standpoint of the quantum hypothesis of light. 
By ionisation of the Z'-ring the atom is now prepared for 
Z-emission. If now an electron falls from the 2-quantum 
i-ring into the 1-quantum Z-ring, filling up, so to speak, the 
gap produced there, then the first line of the Z'-series, Z„, 
will be emitted. If on the other hand the gap in the Z-ring 
is filled by an electron of the 3 -quantum ilf-ring, or the 
4-quantum iV-ring, Z^ or Z, result respectively. The position 
is quite analogous as regards the L- and ilf-series. If, by the 
addition of energy (absorption or electron-impact), an electron 
of the L-ring is battered off, that is if the i-ring is ionised, 
then the atom is prepared for the emission of the ij-series. 
If, now, the gap in the 2-quantum L-ring is filled by an 
electron of the 3-quantum M-ring, the first line of the L-series 
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L„ results ; if it is filled by an electron of the iV-ring, the 
second line of the i-series, L^, results (the notation is not 
quite consistent but will serve the present purpose), and So 
forth. 

The converse phenomenon to line emission, viz. line absorp- 
tion, with which we are acquainted in visible spectra, appears 
at first sight to be missing here. That is, however, as W. 
Kossel 288 recently showed, an error. It is true that the ejected 
electron of the -ff-ring, for example, cannot in general be 
caught upon the L-, M-, or iV-ring, because all places on them 
are already occupied. An absorption of the lines E^, Kp, Ky, 
is therefore in this case impossible. But the electron of the 
E-ring can certainly come to rest on an unoccupied quantum 
orbit outside the occupied rings, that is, outside the surface 
of the atom. In this process a "line" is actually absorbed, 
namely, that line of which the hv is equal to the energy- 
difference between the Z-rLng and the final orbit of the ejected 
electron. This refinement of our considerations shows, then, 
that the electron from the K-ring does not need to be raised 
immediately to infinity, but that line absorptions may occur 
before the edge of the band of absorption is reached. 

§2. The Fine-structure of Rbntgen Lines 

It is particularly noteworthy that Sommerfeld succeeded 
also in the field of X-ray spectra in explaining the fine- 
structure of the lines by calling in the aid of the theory of 
relativity. Thus, for example, the 2-quantum i-orbit is 
"double"; it can occur as a circle {n = 0, n = 2) or as an 
ellipse 299 (ra' = 1, w = 1). Hence the line which is emitted 
by the electron of which the i-ring is the initial orbit, namely, 
E^, is a doublet (Z. and E^). In just the same way, those 
lines for which the i-orbit is the final orbit of the electron 
are doublets, namely, the line i„ (more exactly L^') to which 
L^' is added to make a doublet; further, Ly which forms 
a doublet with Ls, and so forth. The distance between the 
components of the doublets (expressed in frequencies) comes 
out, according to SomrmrfeMs Theory, as approximately pro- 
portional to the fourth power of the atomic number z. Hence 
here, in the X-ray region, where we are dealing for the most 
part' with elements having fairly high atomic numbers, the 
8 
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doublets appear macroscopically enlarged as compared with 
the microscopic hydrogen-doublet {z — 1). During the emis- 
sion of X-rays the electron approaches very near to the 
highly-charged nucleus, and hence the relativistic effects of 
the resolution of the lines are much greater than in the case 
of the optical spectra, in which the electron is moving at the 
surface of the atom, where it is almost entirely screened from 
the action of the strong nucleus by the remaining electrons. 
With the help of the following relation deduced theoretically 
and adapted to experimental evidence, 

^4^^ = {z- 3-6)* . . (112) 
^-doublet ^ ' ^ ' 

Sommerfeld was able to calculate the hydrogen-doublet from 
the observed i-doublets, and compare it with the results of 
experiment. The agreement is very satisfactory. 

§3. The Distribution of Electrons among the Rings. Objections 
to the Ring-arrangement of Electrons 

i 
The quantitative calculation of the simplest case, namely, ^ 
the emission of K^, led Debye to the conclusion that the 
X-ring in the normal state consists of three electrons. To 
this Eroo, by elaborating the calculation, adds the con- 
clusion that the i-ring contains in its normal state nine 
electrons. With these two distribution numbers, ^^ = 3, 1 
P2 = 9, the position of K^ could be represented as a function , 
of the atomic number z for all elements. The emission of E^ 
takes place according to the following obvious scheme : 



^■-ring i-ring 
Normal state | 3 j 9~ 

I nitial state | 2 | 9 ■> Io°isation of the E-rmg. 
Final state | 3 | 8 i Amission of E,. 

The two distribution numbers (Besetzungszahlen) thus found 
for the two innermost rings excite our attention. For on 
the basis of the Periodic System with its periods of eight 
we ought to expect, according to Eossel, the numbers 2 and 8. 
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The strange occurrence of the numbers 3 and 9 becomes 
an objection, when we consider the case of sodium {g = 11). 
Here, according to Kossel, we should expect the numbers 2, 
8, 1, since in all probability an electron (the valency electron) 
revolves alone, as in the case of all alkali metals, around the 
outside quantum orbit (ikf-ring). In any case it is impossible 
that the two innermost rings together should, in the Twrmal 
state, contain 12 (= 3 + 9) electrons. If we attempt to go 
a step further still on the basis of Kroo's numbers 3 and 9, 
and to set up a formula which represents for all ^'s the 
position of L^ in conformity with observation, and thereby 
to determine the number of electrons ji^ on the M-ring, we 
find, as A. Smehal^^ showed, that this mode of representation 
is impossible with any combination 3, 9, ^3. Nor do we fare 
better if we incline the various rings to one another, and take 
their interaction into account. The suspicion is forced upon 
us, that perhaps the whole conception of the arrangement 
into plane rings does not correspond with fact, but that, rather, 
the electrons in the atom form spatially symmetrical figures. 
This suspicion is very much strengthened by a series of pro- 
found investigations carried out by M. Born and A. Landi.^^ 
Follovring on M. Bwn's investigations of the dynamics of 
the crystal-lattice, which we discussed in detail earlier in 
connection with the atomic heat of solids, the two in- 
vestigators asked themselves the question, whether it is 
possible to build up the cubic crystal-lattice of the alkaline 
halides (NaCl, NaBr, Nal; KCl, KBr, KI, etc.) from ions of 
Bohr atoms, by taking into account only the mutual electro- 
static forces; and whether this method, if possible, would 
enable them to prophesy the crystal properties (lattice-con- 
stant, compressibility) from the atomic models of the two 
constituent ions. The answer to this question has been, on 
the whole, in the affirmative. But when the calculation of 
the compressibility of these crystals was carried out, the 
remarkable result manifested itself that crystals are found to 
be too soft, that is, insufficiently rigid, if the conception of the 
ring-arrangement of electrons in the atom is maintained. On 
the other hand, we get good agreement with the observations 
if, following Born, we introduce the hypothesis that the 
electrons are arranged spatially. A complex of eight electrons, 
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as occurs in sodium, potassium, etc., does not therefore occupy 
a plane 8-ring ; the eight electrons describe paths of cubical 
symmetry. Into the still obscure region of these " spatial " 
electron paths, A. Landi^^ has made some successful in- 
cursions. 

From all that has been said it would appear to be certain 
that in dealing with Bontgen spectra, too, ive can no longer he 
content with the arrangement of the electron rings in planes, 
and that the whole quantitative theory of the Eontgen series, 
including Sommerfeld's fine-structure of the K- and the L- 
doublets, must be built up on a fresh foundation. 



CHAPTEB VIII 

Phenomena of Molecular Models 

§ I. Dispersion and Magneto-rotation of the H^ Molecule 

WHILE the X-ray spectra and the spectra of the optical 
series arise from the atoms of the elements (and hence 
their theory links up with the atomic models), there is a series 
of phenomena which, in the case of polyatomic substances, 
are peculiar to the molecules, and the theory of which, 
therefore, is founded on the molecular models. Chief among 
these are the normal dispersion, the rotation of the plane of 
polarisation in the magnetic field (magneto-rotation), and, 
further, the great and complicated subject of band-spectra. 
Up till a few years ago, dispersion and magneto-rotation had 
been exclusively treated from the standpoint of the Thomson 
model, that is, with the help of quasi-elastically bound 
electrons, and this explanation had served in turn as a 
powerful support for this model. Nevertheless, discrepancies 
in these theories had long been known. For example, 
measurements calculated upon the basis of the dispersion 
theories of Drude, Voigt, or Planck led to values for the ratio 

of the charge to the mass of the electron ( — ) which, in com- 

\mcj 

parison with the direct measurements of this quantity (based 
upon the deflection of the cathode- or /8-rays in the electric 
and magnetic fields) which were much too small. When, 
however, the Thomson model became displaced by the 
Butherford-Bohr model, and the successes of the Bohr atomic 
model increased at an undreamed-of rate, the question arose 
whether an unobjectionable theory of dispersion and magneto- 
rotation could not be founded upon these new views. The 
difficult position, into which we are brought by this problem, 
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arises from the fact that we do not actually know a single 
instance of the exact manner in which a polyatomic Bohr 
molecule is built up from its nuclei and electrons. The 
exact knowledge of this structure, and the motion of all the 
electrons is absolutely necessary, if we desire to know how 
the molecule reacts upon external waves (dispersion). It is 
true that W. Eossel^^ has, in a detailed study already 
referred to above, pointed out the general guiding lines along 
which, from the chemical point of view, the building-up of 
the atom from molecules must be carried out, but the details 
of this construction remain open. Only in a few of the 
simplest cases have detailed molecular pictures been con- 
structed and closely tested. Thus Bohr, as we remarked in 
discussing the atomic heat of gases, has already proposed a 
model of the diatomic hydrogen molecule. It has the follow- 
ing construction (see Fig. 8) : two singly-positive nuclei (that 
is, each consisting of only a single positive charge) are 
separated by the distance 2b. In the vertical plane which 
bisects the line joining the nuclei, two electrons rotate, 
diametrally opposite one another, on a circle of diameter 2a. 
The equilibrium of the Coulomb and the centrifugal forces 
requires that a = 6^3. By means of this relation, and by the 
quantum condition that each electron must have the moment 

h 
of momentum ^--, the model is completely determined in all 

its dimensions and speeds. It was this model which was 
the first to be proposed : it was examined by P. Debye sm 
with reference to its dispersion. On account of its sym- 
metrical structure the molecule possesses no electrical mo- 
ment in its normal state. If, on the other hand, it is struck 
by an external light wave, the motion of its electrons is 
periodically disturbed ; they depart from the normal quantum 
path, fall into forced vibration, and thus generate an electric 
moment which changes periodically in step with the external 
wave. Thus the original motion of the primary wave is 
changed, and dispersion results. We may conceive this as 
follows : Let c be the velocity of the primary wave in vacuo. 
The oscillations of the electrons generate a secondary wave 
which spreads out from the molecules. All these secondary 
waves combine with the primary wave to a form new wave 
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which moves with the altered velocity q, the value of which 
depends on the frequency of the primary wave. But just 
this is the phenomenon of dispersion. The electronic vibra- 
tions which occur here are not oscillations about positions of 
equilibrium, as in the case of the quasi-elastic model, but 
oscillations about stationary paths. Moreover, here, the force 
holding the electrons, as opposed to the usual classical 
theories of dispersion, is anisotropic (that is, the electron is 
held by different forces in different directions) ; above all, by 
means of this anisotropy, it was possible to explain away the 



e 



disagreement in the value of — , which had previously been 

found to be too small ; and Debye succeeded, on the basis of 

the normal value of — , in deducing from the theory the 
mc ^ •' 

observed dispersion curve of hydrogen, that is, the curve 

which shows how its coefficient of refraction depends on the 

wave-length. It should be noted that in the formula for the 

coefficient of refraction, no single constant is arbitrary, but 

that the dispersion formula is made up entirely of universal 

constants. 

Using the same method (calculus of disturbances), P. 

Scherrer^"^ has calculated the rotation of the plane of 

polarisation which linearly polarised light undergoes in its 

passage through hydrogen under the influence of a magnetic 

field. His efforts were equally successful. 

§ 2. Objections to Bohr's Model of the Hydrogen Molecule 

In spite of the successes which the Bohr model of the 
hydrogen molecule has won, a list of weighty objections to 
it has accumulated in the course of time. That the con- 
tribution which the rotation (more accurately, the regular 
precession) of this molecule makes to the molecular heat at 
low temperatures, does not correspond with the observations 
of Euchen, has been shown by P. S. Epstein, as we have 
already mentioned. Also at high temperatures, when the 
oscillations of the two nuclei relatively to one another con- 
tribute to the molecular heat, no agreement between theory 
and observation has been found in the case of the Bohr model, 
as G. Laski ^ recently showed. 
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Further, the model must possess, in consequence of the 
revolving electrons, an almost fixed magnetic moment parallel 
to the axis of the nucleus, that is to say, it must be equivalent 
to a molecular elementary magnet, which endeavours to set 
itself, in an external magnetic field, parallel to the lines 
of force. Hydrogen ought, therefore, to be paramagnetic, 
whereas it is diamagnetic. 

Another very important objection, to which Nernst in 
particular drew attention, is the following : if we calculate 
the work which is necessary to separate the molecule into 
its two atoms, the so-called heat of dissociation, we get sot the 
value, 61,000 calories. On the other hand, Langmuir 3"* found 
84,000 cals., Isnardi^ 95,000 eals., /. Franch, P. Knipping 
and Thea Erilger^w 81,000 (+ 5700) cals. In any case, the 
calculated heat of dissociation comes out 25 per cent, too 
small.sioa 

Finally, W. Lenz ^^^ has recently increased the objections 
to the hydrogen model by an important one based on a 
theory of band-spectra, which we shall discuss below. He 
proved that the band-lines of hydrogen and nitrogen can 
exhibit the observed Zeeman effect, only if these molecules 
possess no moment of momentum around the nuclear axis. 
The fact that the two electrons in Bohr's molecular model 
revolve in the same sense, however, endows it with just such 
a moment of momentum. On the whole, the Bohr model does 
not seem to correspond to reality ; the arrangement of the two 
nuclei and electrons must plainly be quite different. No 
satisfactory model, however, has yet been found. 

§3. Models of Higher Molecules 

Matters are no better in the case of models of the more 
complicated molecules. It is true that Sommerfeld^^^ and 
JF*. Pauer^i^ have also worked out the theories of dispersion 
and magneto-rotation in the case of the more general Bohr 
models (Nj and O^) which are constructed on the lines of the 
hydrogen model. According to Sommerfeld, four electrons 
revolve about the line joining the two nuclei in the case of 
oxygen, each of which acts with an effective charge -1- 2e ; in 
the case of nitrogen, a ring of six electrons rotates about the 
nuclear axis, while the nuclei carry triple effective charges. 
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Sommerfeld was able to obtain agreement with observation only 
by setting up for each electron of a valency ring of 2s-electron8 
the unaccountably strange quantum condition : moment of 

h .- 
momentum = g^vs, undoubtedly a most unsatisfactory 

result. Gerda Laski^ii obtained better results with some- 
what different models, which she chose in such a way that 
the specific heat of the two gases at high temperatures agreed 
with the observations of Pier.^^^ According to her ideas, the 
nitrogen molecule must consist of two seven-fold positive nuclei, 
each of which is closely surrounded by a 1-quantum ring of 
two (or three) electrons. The " valency ring " in the central 
vertical plane is 2-quantum and contains ten (or eight) 
electrons. Analogously, the oxygen molecule consists of two 
eight-fold positive nuclei, each encircled by a 1-quantum ring 
of two (or three) electrons, whereas the 2-quantum valency 
ring contains twelve (or ten) electrons. The same objections 
apply to some extent to these models of Sommerfeld and Laski 
as to the hydrogen model. For example, they give no account 
of why oxygen should be paramagnetic, and nitrogen, on the 
other hand, diamagnetic. Moreover, the above-mentioned 
objection of Lenz applies in full force to these models ; for 
they all possess moments of momentum around the nuclear 
axis. In conclusion, we feel bound to admit that the exact 
constitution of even the simplest models is at present unknown 
to us. 

§ 4. The Quantum Theory of Band-spectra 

To conclude this chapter, we shall turn our attention to the 
band-spectra, and collect together shortly what the quantum 
theory has been able to assert about them up to the present 
time. That they belong to molecules and compounds may 
nowadays be regarded as certain. The first attempt to con- 
struct a logical quantum theory of band-spectra was under- 
taken by K. Schwarzschild 3i^ who clearly recognised the 
importance of the rotation of the molecule in the production 
of these spectra. His conceptions may be defined as follows : 
a system of electrons revolves at a definite quantum distance 
around a molecule which itself rotates according to quantum 
conditions, the assumption being made for the sake of 
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simplicity that the motion of the electrons is not influenced 
by the motion of the molecule. If Eq is the quantum energy 
of the electrons, Er the quantised rotational energy of the 
molecule, then -B„ + E,- = E is the total energy of the system. 
If the three chief moments of inertia of the_molecule /are 
equal to one another, then it follows, just as in (80), that 

^" = 8^1 
where n denotes the rotational quantum number. Therefore 

If, now, the system passes from one quantum state having 
the electronic energy E^ and the rotational quantum number 
n into another quantum state having the electronic energy E\ 
and the rotational quantum number n', then it follows from 
Bohr's frequency formula (92) that the frequency of the line 
radiated is given by 

h ^ 8-^J • • '^^*> 

If we keep all the quantum numbers which occur here, except- 
ing n, constant, and allow n to vary, then we get a series of 
lines progressing towards the violet and having the frequencies 

1/ = a + bn^ {a and b are constants) . (115) 

This is a formula which had already been given empirically 
by Deslandres,^^'' and which is approximately true for the lines 
of many bands. 

Following Schwarsschiid, T. Heurlinger sis and W. Lenz,^^ 
in particular, have further developed and refined the quantum 
theory of band-spectra. For example, Lenz has pictured the 
molecule as a symmetrical top having two moments of inertia 
and a rotational rigidity (moment of momentum) around the 
axis of the figure, and hence deals from the outset with a regular 
precession of the molecule in place of a rotation. Using 
Bohr's frequency formula, and applying the principles of 
selection, he obtained the following general formula for the 
lines of a band : 

V = a -f 6w + cv? (a, b, c are constants) . (116) 
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which is obeyed, according to Hemlinger, in the case of the 
so-called "cyanogen" lines of nitrogen, for example. In 
addition to the lines given by (116), Lenz's Theory requires the 
occurrence of the series given by the formula 

V = (a + I) + cm2 . . . (117) 

for the case that the molecule really possesses a finite moment 
of momentum about its axis of figure. A series which follows 
this law does not, however, exist in the cyanogen bands, ac- 
cording to Heurlinger. Lenz deduces from this the conclusion 
already mentioned, that the nitrogen model does not possess 
a rotational rigidity about its axis. By calculating the 
Zeeman effects of the band lines, and comparing them with 
observation, Lenz was able to confirm this, and to extend it to 
the hydrogen molecule. 

The infra-red Bjerrum absorption bands of the diatomic and 
polyatomic gas compounds, which we had discussed at length 
in Chapter V, belong to the general type of band-spectra. If 
we are to deduce them from a theory consistently founded on 
quaiita — and not, as we did earlier, half according to the 
quantum, half according to the classical theory — we must 
follow closely the course pursued above, with the difference 
that, in place of the energy of the electronic system there will 
appear the energy of the atoms,^''" with which the rotational 
energy of the molecule is combined, as a first approximation, 
additively. The logical carrying out of this calculation (in 
which Bohr's frequency formula and the principle of corre- 
spondence are applied), which was undertaken by Heurlinger ^21 
and the author,s22 gives for the structure of the " fluted " ab- 
sorption bands an arrangement of lines which at first sight 
does not appear to agree with the beautiful and exact measure- 
ments of Imes.^ The theory gives for the position of the 
absorption lines a formula 

^-n±{n + i)^r (» = 1,2,3...) (118) 

and therefore requires that all neighbouring lines be equi- 
distant, including the two in the middle {n - 0). On the other 
hand, Imes observations show with indubitable clearness that 
the interval between the two middle lines is twice as great as 
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the interval between all neighbouring lines. This apparent 
contradiction is explained, as A. Kratzer^^ recently showed, 
in a surprising fashion, if we take into account the intensity 
of the absorption lines according to Bohr's Principle of Analogy. 
For it then appears that the first absorption line to the right 
of the middle VQ-line, namely, the line 

h 
" = "0 + g;;?^ 

(which is derived from formula (118) by setting w = and 
using the positive sign for the second term) is of vanishingly 
small intensity. This line is generated when the molecule 
passes over from an initial rotationless and vibrationless state 
into the final state in which the two ions oscillate relatively 
to one another with one quantum, and in which, at the same 
time, the molecule rotates as a whole with one quantum. The 
rotationless and vibrationless state has, however, a vanishingly 
small probability ; the number of transitions from this initial 
state per second, and therefore the intensity of the correspond- 
ing absorption line, is hence vanishingly small. By the dis- 
appearance of the first line to the right of the middle position 
i'q, the structure of the lines as observed by Imes is actually 
reproduced, as one may easily recognise ; in the formula, the 
" middle " of the line structure is displaced from the point v^ 

to the right by the amount k-jt^ The absorption lines group 

themselves equidistantly and symmetrically on both sides of 

h 

may be expressed by writing, in formal agreement with (83), 

" = "'0^437 («=1>2.3. ..)1 
where 

h 

Prom the constant interval between neighbouring lines, namely 

^"=|5j ■ • ■ ■ (120) 

the moment of inertia of the rotating molecule can be cal- 
culated with great accuracy. s^s 



the missing " middle," v = v^ + 5-^. This state of affairs 



(119) 



CHAPTEE IX 

The Futufe 

IN the preceding pages the author has attempted to give 
in broad outline the most important features of the 
doctrine of quanta, its origin, its development, and its 
ramifications. If we now survey the whole structure, as 
it stands before us, from its foundations to the highest story, 
we cannot avoid a feeling of admiration ; admiration for the 
few who clear-sightedly recognised the necessity for the new 
doctrine and fought against tradition, thus laying the founda- 
tions for the astonishing successes which have sprung from 
the quantum theory in so short a time. 

None the less, no one who studies the quantum theory 
will be spared bitter disappointment. For we must admit 
that, in spite of a comprehensive formulation of quantum 
rules, we have not come one step nearer to understanding 
the heart of the matter. That there are discrete mechanical 
and electrical systems, characterised by quantum conditions 
and marked out from the infinite continuity of " classically" 
possible states, appears certain. But where does the deeper 
cause lie, which brings about this discontinuity in nature ? 
Will a knowledge of the nature of electricity and of the con- 
stitution of the electromagnetic field serve to read the riddle ? 
And even if we do not set ourselves so distant a goal, there 
remains an abundance of unanswered questions. The 
decision has not yet been made, as to whether, as Planck's 
first theory requires, only quantum-allowed states exist (or 
are stable), or whether, according to Planck's second formula- 
tion, the intermediate states are also possible. We are still 
completely in the dark about the details of the absorption 
and emission process, and do not in the least understand 

125 
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why the energy quanta ejected explosively as radiation 
should form themselves into the trains of vyaves which we 
observe far away from the atom. Is radiation really pro- 
pagated in the manner claimed by the classical theory, or 
has it also a quantum character ? 

Over all these problems there hovers at the present time 
a mysterious obscurity. In spite of the enormous empirical 
and theoretical material which lies before us, the flame of 
thought which shall illumine the obscurity is still wanting. 
Let us hope that the day is not far distant when the mighty 
labours of our generation will be brought to a successful 
conclusion. 
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i-e. -5= = 4- , which, integrated, gives u = aT' 

where a is a constant. Now, as we can easily see, the total radiation 

00 
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00 
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stand upon the second law of thermodynamics, and seeks, from this view 
to determme a phase-quantity S of the oscillator, which possesses the 
well-known property of the entropy, that it increases in all irreversible 
processes. He arrived at the solution : 



S = 



IMS)-'} 



This function possessed, as Planck showed, the required property of en- 
tropy, but it was not the only function with this property. And in fact 
it appeared later, that in the deduction of the above expression, a readily 
suggested but unjustified supposition had been made. The expression 
given in the text, formula (8), for the mean energy U follows from S by 
applying the second law in the form : 

T dU T 

21 0. Lummer and E. Primgsheim, Verhandl. d. deutsoh. physikal. 
Ges. 1900, p. 163. 

22Jlf. Planck, Verh. d. deutsch. phys. Ges. 1900, p. 237. It is of 
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was not further explained. Cf . also Ann. d. Phys. 4, 553 (1901) ; 4, 564 
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Un=N.U = P(. 

The number of possible ways of distributing P balls among N boxes is, 
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(N + P-l)l 
^ ~ (N -\)\P\' 

This is therefore the probabihty of the state, which corresponds to the 
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Ami. d. Phys. 46, 1021 (1915). 
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that the entropy Sn of the oscillator system is connected with the prob- 
ability W by the fundamental relation 

Sif=k log W 
where fe is a constant. 
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tropy (second law of thermodynamics) is contained : if a system passes 
from an improbable condition into a more probable one, then by this 
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value of W, and, since N and P are very large numbers, use Stirling's 
approximation formula 

then, if we set for P, N — , we get by an easy calculation 

s. = .4.2),.,(>.f)-HXf)} 
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d5 _ 1 
dTJ- T' 
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sulting relation between TJ, T, and c, with respect to U, we get the ex- 
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zungsber. d. Wiener Alcad. d. Wiss. (II) 76, 373 (1877). Of. also P. 
Ehrenfest, Phys. Zeitsohr. 15, 657 (1914). 

36 H. Bubens and F. Kurlbaum, Sitzungsber. d. Berl. Akad. d. Wiss. 
1900, p. 929 ; Ann. d. Phys. 4, 649 (1901). 

27 F. Paschen, Ann. d. Phys. 4, 277 (1901). 

2BL. Holbom and 8. Valentiner, Ann. d. Phys. 22, 1 (1907) ; Coblents, 
Physical Review, 31, 317 (1910) ; E. Baiseh, Ann. d. Phys. 35, 543 (1911) ; 
E. Warburg, O. Leith&user, E. Hupka and G. MiLller, Ann. d. Phys. 40, 
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29 W. Nemst and Th. Wulf, Ber. d. deutsch. phys. Qes. 21, 294 (1919). 
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ra^atiow!' '".^^'^'^""'le the constants h and ft which occur in the 
radiation formula, we can, instead of using the equation: Xmax T = 
rad^;ion°T'' °'^- ,'^«1'^'-- -'^ the 'measurLent ;£th: total 
temperatr«T '^"""P^"' ^' '"''' P'""^^"^ ^^ *°"°™ = At a constant 






c 



where C = -=-• 






From this relation, since everything excepting C is known, C, that is, 
- may be calculated. Another method is the foUowing : we measure for 

a fixed wave-length \ the ratio of the intensity of radiation at two 
mfEerent temperatures T^ and T^ (isochromatic method). Then it follows 
that 

" e^r^ - 1 

This is a relation from which C, that is,-|: can again be calculated. 

With the help of these methods, the researches, for example, of 
Warburg and his co-workers cited in note 28 have yielded values for 

C = -^ which lie in close proximity to C = 1'430. This value was taken 

by Nernst and Wulf (see note 29) for their critical investigation. 

For the constant of Wien's Law of Displacement in the form Amax . T 
= 6 we would accordingly get from (16) : 

b = — 9— = 0-288 
4-9651 

a value smaller, therefore, than that given by direct measurement (see 
note 15). Whether Warburg's value, C = 1-430, or the measured values 
of 60- 0-29) or both, are seriously affected by experimental error, or 
whether after all — as Nernst and Wulf maintain — Planck's formula is 
not right, must be left for the future to decide. 

33 If. Planck, Ann. d. Phys. 4, 553 (1901). 

34 If we apply BolUmann's relation S = k log W (quoted in note 15), 
which connects the entropy S with the probability of state W, to one 
gramme-molecule of an ideal gas, then by calculating the probability of 
a certain state, i.e. a certain distribution of velocities among the 
molecules, we arrive at the following value for the entropy of the gas 

S - kN{i loge U + log F) + const. 
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(Cf., for example, M. Planck, Lectures on the Theory of Badiation 
(1906), §143.) Here N is the number of moleouleB in a gramme- 
molecule {Avogadro's number), Z7tti6 energy, V the volume of the gas. 
Now, according to the Second Law of Thermodynamics, 

must be a, complete difierential, where p and T denote pressure and 
temperature of the gas. Hence the relation 



XdVju T 



must hold. This gives 



kN p . kNT 

If we compare this with the equation of state of an ideal gas in thermo- 
dynamics, p = -=^, we get for the absolute gas constant B the value 

B = kN 

from which formula (19) of the text follows. 
3S M. PUmck, Ann. d. Phys. 4, 564-566 (1901). 

3« Compare, for example, the table of the values of Avogadro's number 

given in the report of J. Perrin at the Solvay Congress in Brussels 

(1911). [A. Euckm, Die Theorie der Strahlung und der Quanten. 

Abhandlungen der Bunseu-Gesellschaft Nr. 7, Wilh. Knapp, HaUe 1914.] 

37 iJ. A. MilUkan, Phil. Mag. (6) 34, 13 (1917). 
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constant F = 969-4 . 2-999 . lOlo electrostatic units, there follows for 
Avogadro't, number the value N = 6-0617 . 1023. 

39 Cf., for example, W. Oibbs' Elements of Statistical Mechanics, 
Chapter V. 

MThe term "mean value" may be taken as referring to time or to 
space. If we select a definite atom, and follow it a long time upon its 
zig-zag path, and from the mean of the values which its kinetic energy 
assumes in the course of time, we get the " time-mean." If, on the 
other hand, we select a large number of identical atoms of the gas at a 
particular instant and again form the mean of the values of the kinetic 
energies which these atoms possess at the instant in question, we get 
the " space-mean." 

41 If X is the elongation of the oscillator (electron) vibrating with the 
natural frequency, then x = A sin {2m>t), where A is the amplitude and 
t the time ; the mean kinetic energy becomes 



£"= Jto(^Y= im{A ■ 27r;')2 . cos^ (2irA) = Jm(2xvi4)=. 
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The mean potential energy is : 

y = im{2-^y)V = Jm(2Tv4)2 . sin^ (2nH) = lm(1irvAf. 

Hence, as stated, L=V: i.e. the mean kinetic energy = the mean 
potential energy. 
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lungen der Deutsoheu Bunsen-Gesellsohaft. Nr. 7. v. A. Eucken. 
Halle, W. Knapp 1914 pp. 10 et seg. 

M By a suitable modification of classical statistics in the sense of the 
quantum theory, we can obtain the expression (9) for the mean energy 
of an oscillator in the following manner which is worthy of notice. 
Let a number N of similar oscillators with the most varied values for 
the energy be given. We require to find how great is the probability 
w, that an oscillator possess a certain energy value U; or, otherwise 
expressed, how many of the N oscillators possess the energy U. In 
order to answer this question, we find it best to take first of all the 
standpoint of Oibbs' statistical mechanics, that is, of " classical " 
statistics. In place of the special case in question, namely, that of the 
linear oscillator, let us consider at once quite generally a system of / 
degrees of freedom, and characterise it by / generalised co-ordinates 
2i22 • ■ • 2^ and by the corresponding impulses or momenta ^Jii)a ■ ■ ■ Pf- 
(Here, the impulse pi is thus defined : form the kinetic energy of 

the system as a function of the generalised velocities qt = -3^, then 

pi = ^ . \ In particular, the linear oscillator (vibrating electron) will 

be described by a co-ordinate q, namely, the elongation of the electron, 

and the impulse p = m^.. In general, therefore, 2/ quantities are 

necessary in order to define completely the momentary state of a 
system. Hence we can represent this momentary state by a point 
(" phase-point ") in the 2/-dimensional space in which qi . • ■ Pf (of the 
" phase-space ") are co-ordinates. 

We now consider a number N of similar systems of this kind, 
which are in thermodynamic equilibrium with a very large reservoir 
at the temperature T. Then the probability that the co-ordinates 
and impulses lie in the small intervals 2i . . . 2i -^ dq^, etc., and 
Pi . . ■ Pi + <iPv ^^°-' *^^* ^^' *''*' *^^ " please-point " of the system lie 
in the element do = dq^dq^ . . . dq/, dp^dp^ . . . dpf of the phase- 
space is, according to Oibbs, 

e'^da 
e ^dn 
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Here E is the energy of the system, and k is the constant defined in 
(19). The integration in the denominator is to be taken over all 
possible values of the 2/ quantities jj . . . pf, or, as we may say, over 
all possible " phases," or over the whole region of the phase-space 
concerned. 

Among the N systems there are then Nw, whose phase-points lie in 
the element da of the phase-space. This is therefore a " distribution " 
of the N systems over the phase-space. This distribution is called 
Canonical ; it represents a generalisation of Maxwell's familiar law of 
distribution of velocities which may be deduced from it by special- 
ising it for the case of the gas atom, that is, by setting/ =3. 

The sum of all probabilities is naturally 1. Indeed, it is at once 
clear that 

, je'^da , 

je'l^da 
For the mean value of the energy E we get 

ise'^da 



E =7.Ew = 



je'i 



It we apply this equation to the linear oscillator we get 

^ JJjo£^^dgdp 

ff .£ 
jje '^dqdp 

i.e. U = 2L + 2T^i,hnQK 

2m 

If we introduce the auxiliaiy variables { and tj, defined by 

{I = TTvqJim 
7) = £=, and hence dqdp = —d^dri 
fjim Try 

we get 

u = e + v'' 

and, therefore, it suggests itself to us to write 

/I = iv/2.00S (p 

1.7) = ,^i7sin^; 

where f is a^ parametric angle. If we interpret | and i, as Cartesian co- 
ordinates of a point in the plane, then JUaai<t> are the polar co-ordinates 
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of this point. The elament of surface d^&n is written in polar co-ordinates, 
as wa know, thus 



hence 



Hence 



d^dr, = s/U{dJU)d^ = idUd,p 
dqdp = —d^dri = — dUdij). 



%vv 



/ \^^ ^'■dUd^, jue'^dU 
U = "'=" ■»=» = 9 = kT 

J je'^^dUd^, je'^^dU 

{7-=0 i()=0 

in agreement with (24). This is the standpoint of classical statistics. 

The qtiantwm statistics of the oscillator may be immediately deduced 
from this, if we elaborate the canonical law of distribution 



I — g ''''dqdp 
'"^dqdp 



fe "^d 



in a suitable manner 

K we heH 
to ^, we get 



K we here again introduce dqdp = - — dUd(b, and integrate with respect 



Wtr = e '"'dU 



Je~'' 



dU 



as the probability that the energy of the oscillators lies between U and 
17+ dU. 

Now the quantum theory demands that the energy U shall assume only 
the discrete values U„, U^, U^, . . . Tin. The transition may best be 
effected by lajdng down the condition : E shall only be able to assume the 
values contained in the narrow intervals between Uj and V^ + a, Dj and 
U-i + a, and generally D« and D» + a. Then dU = a, and the integral in 
the denominator changes into a sum. Thus it follows that 



e ''^- a e *y 



e kT ^j0 hT 



thus a is elimmated ; if we now proceed to the limit o = 0, «) remains 
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unaltered. Hence Wn is the canonical distribution function generalised 
for quantv/m conditions, and hence, among N oscillators, N-Wn have an 
energy of the value Un. 

We now get for the mean energy 

^U„e kT 



z- 



Now, according to the first form of the quantum theory, 

Z7„ = Me = nhv (n = 0, 1,2,3 ... m). 
Therefore 



-I 





6 

If we set j^, for convenience, = x, then 



Further, 



from which we get 
U 



= S"«-'«^; S, = S« 


-nx_ 1 


1-e-^ 





-si=^^ne-^-S, 


8-"^ 


~ {1-e-^f 


. 


e 



l-e-" e* - 1 i^ 



in agreement with (9) 

The canonical distribution may be still further generalised by the intro- 
duction of certain "weight factors," which are intended to express the 
fact that the individual quantum states of the system considered have, 
a priori, different probabilities. This happens, for example, if each quantum 
state may be realised in different ways, and if the number of these possi- 
bilities of realisation is different for the different quantum states. Then, 
the different states will have different "weights," and a "weight factor" 

Pn has to be included in the exper mental function e "*»■ so that the can- 
onical distribution function assumes the form 

Wn = =— ^ = G .p,fi "T 

■^P„e~kT 

Here C depends on the temperature ; pn, on the other hand, does not. 
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?= £2 - Ib . E + {Ey = 12" - (Ef 
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_^ 

e ''^da 



I. 



'k^dn 



Then the mean of the energy follows in the usual way : 

jEe "■■''da 



E 
„ „ '^d 

^ ■ s 

E^ 

'1'1'da 
Likewise, 



/. 



E' = 



f -- 
_JE^e_Jfda 



I. 



_E_ 

'''^da 



We then form 

^^ le-^da .j^jE'e'^da - ^ ijEe-^'da) 

W ' JTZMTY 

\}e "^da) 
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Therefore, _ 

We also arrive at the same formula, if instead of the classical 
canonical distribution function, we start from the quantum distribution 
function 



Wn,= 






93 The mean energy of radiation of frequency v in the volume v is 
S —vu^dv, where the monochromatic density of radiation is 



Uv = 

c c' 



if Planck's Law is taken as the basis. (Of., for example, U. Plamik, 
Lectures on the Theory of Radiation, Engl. Transl.) 

According to formula (28) deduced in the previous note, it therefore 
follows that 

7^ = k1-§=lcT^H/^=^^^'-'-^''^ 






hv 



If we eliminate T on the right-hand side by substituting for e"'' its 
iwhf 

Chlr ' 



value 1 + ^^', it follows that 



cVvdv 



(' = E .hv + 



Siri^vdv 



The second term on the right is required by the Undulatory Theory 
for at each point of the volume v the most varied trains of waves of 
radiation cross one another's paths with every possible amplitude and 
phase. The interference of all these waves thus generates at the point 
considered an intensity, which varies continually, and hence the energy 
of the volume v also varies. If we calculate the mean of the square 
of the energy, i.e. t', we find precisely the second term of the above 
formula. (Of., for example, H. A. Lorentz, Les th&ries statistiques en 
thermodynamlque (Teubner, Leipzig and Berlin), 1916, pp. 114 et seg.) 

The first term is not, however, explained by the classical undulatory 
theory. On the other hand, it becomes endowed with meaning if we 
suppose that the radiant energy consists of a certain whole number 
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(n) of finite energy oomplexea of the value hy. For then E ^n-hy, 
and therefore B =n- hy,jThexe n ia the mean about which the number 
M varies. If 5 = n -^m be the variation of the number ™, then it 
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first term in the above formula. ' 
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300 
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The wave-length \ of the mercury line emitted is 
A = 2536i'= 2-536.10-6. 
Hence we must get 

eVh _ 4-774 . 10- 10 ■ 4-9 . 2-536 . 10-5 
' "3 3-102 . 8-10" 

= 6-59.10-27 

and this is in good agreement with the results of other measurements. 
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Canal-rays are positively charged particles of matter, which move in a 
vacuum tube in the direction : anode to cathode ; the latter is pierced 
with holes through which the canal-rays pass into the space behind the 
cathode. If we generate such canal-rays in a vacuum tube filled with 
hydrogen, we find that the series lines of hydrogen are emitted. Now, 
if we observe this emission spectrosoopically " from the front," that is, so 
that the canal-rays are moving towards the observer, we see, firstly, at 
its usual place in the spectrum, the sharp series line (line of rest, "in- 
tensity of rest ") ; secondly, we see displaced towards the violet, a 
broadened strip (line of motion, " intensity of motion " or " dynamic 
intensity"). These lines represent the series line emitted by the 
moving canaJ-ray particles, which is displaced towards the region of 
higher frequencies on account of the Doppler effect. Since the canal-rays 
do not possess a single uniform velocity, and since particles with all 
possible velocities occur, the displaced strip is not sharp, but softened 
and broadened. The " intensity at rest " is therefore emitted when the 
quickly moving canal particles strike " resting " molecules, i.e. gas- 
molecules which are moving comparatively slowly and irregularly, and 
excite these to emit the series lines. The "intensity of motion," on the 
other hand, is excited by the unidirectionally moving canal particles 
themselves, when they hit gas-molecules. 

Now, it is very remarkable that the interval between the intensity of 
rest and that of motion is not filled in, but that the emission of the in- 
tensity of motion becomes observable only above a certain velocity. 
Stark interpreted this fact in terms of the light-quantum hypothesis 
thus : If ^v' is the kinetic energy of a canal-ray particle, and if the 
fraction aimv''{a >■ 1) is transformed into a light-quantum hv upon 

coUision vrith a gas-molecule, then we must have hv < %iv^ ; that is, the 

spectral line of freque ncy v can be generated only by canal-rays, the 

velocity of which >/\/-2:^. 
— y am 

The proportionality between the critical velocity and \/» has been 
fairly well borne out. 

It should be remarked here that J. Stark has lately abandoned the 
theory of light-quanta. (Cf. J. Stark, Verh. d. deutsch. physik. Ges 16 
304 (1904) ; 18./2 (1916).) 



NOTES AND REFERENCES 143 

78 J. Stark, Phys. Zeitsohr. 9, 86, 356 (1908).— J. Stark and W. 
mcm\ '^^^^' ^®"^°'^''- 9' *^^ (1908).-J. Stark, Phys. Zeitsohr. 9, 

In these papers J. Stark defends the view that the band-speotra are 
emitted when a "valency electron" belonging to the atom or molecule 
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position, counterbalancing the work done in displacement. If the 
energy of deformation (valency energy) E is changed into a Ught- 

quantum, then we must have hv = E, i.e. v ^-. All lines of the 

band must therefore lie below the edge r = -. If the valency energy 

E is changed by chemical processes, the band-spectrum must be dis- 
placed accordingly, 
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are equally probable. The mean energy in the rath elementary region 
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_ nt + (n + lU , , . 
U» = -2 = (» + 4)*- 

From the canonical law of distribution extended in the sense of the 
quantum theory, it then follows that 



U^-^ 



2^n.e'^^ «'*^(-»-i)- 
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= ~li ^ + 2 = i +2 



(cf. note 48). If we further set e = hv it follows that 
— hv hy 

In place of relation (7) of the text we get here 

and this leads to Planck's Law of Radiation. 
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cillator) and v its period of oscillation, then the energy of this configur- 
ation is 



^=f(ir-^(w-^^. 



The first term represents the kinetic and the second the potential energy. 
Now the impulse (the momentum) is p = in~. Therefore, we may write 

U = ^ + 2 A^TOo' 
2m 



W U \- (\/2mI7)«' 
2A»mJ 
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The curves [7 = const., that is, those curves in the phase-plane, which 
correspond to the states of constant energy of the oscillator, are therefore 
ellipses with the semi-axes 



"^yls^rk """^ ^=V2-J^- 



For a definite value of U we get a completely definite elhpse. The 
" phase-point " of the oscillators would continually revolve in this ellipse, 
if the electron, without emitting or absorbing, were to execute pure har- 
monic oscillations ; for then its energy would remain permanently constant. 
If we allow U to vary continuously, i.e. if we give it other and again 
other values in continuous succession, we get an unlimited manifold of 
concentric ellipses. 

The quantum theory, as formulated in (30) in the text, selects from this 
infinite manifold a discrete set of ellipses, and distinguishes them as the 
" quantised " ellipses which correspond to the " characteristic states " of 
the oscillator. To these belong the "quantum energy-values" D,,, Ui, 
U,... Vn. 

Now the nth ellipse encloses an area nh. The area of the nth ellipse 
is, however, 

Fn = ^Om . hn = ^\l~-- ■ ^^«<^=^ — 



hence we must have 



— ? = nh i.e. Un = nhr 



that is, in the nth quantum state the oscillator possesses an amount of 
energy ne — nhv. 
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If c is the specific heat of a substance of atomic weight a, it signifies 
that one aramme of the substance requires an amount of heat c to raise 
itrtempeM.ture by 1° C. Hence we must communicate to a gramme-atom 

10 
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of tlie subetanoe, i.e. to a grammes of it, an amount of heat C = ca va. 
order to raise its temperature by 1° C. C is then called the atomic heat. 

94 The equality of the mean potential and the mean kinetic energies is 
true here as in the case of the linear Planck oscillator (vibrating electron), 
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heat at constant volume C,., but the atomic heat at constant pressure Cp. 
For this we get values which in general fluctuate about the value 6"4 
cal./deg. The calculation of C„ from Cp is based on the thermo- 
dynamioally deduced formula 

f, p _ a^VT 

i-'p — Op 

K - 

where o is the cubical coefficient of thermal expansion, k the (isothermal) 

cubical compressibility, and V the atomic volume = atomic weighty 

density 

. Cp = 6-00 

. Cp = 5-82 

. Cp = 5-79 

. Cp = 6-33 

. Cp = 6-6i 

. Cp = 6-03 
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for silver 


at 0° C. 


„ aluminium 


„ 58° 0. 


„ copper 


„ 17° C. 


„ lead 


„ 17° 0. 


„ iodine 


„ 25° C. 


„ zinc 


„ 17° 0. 
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quantities A, p, « may, according to Einstein {loc. cit), be obtained by a 
simple dimensional calculation. If we assume that v depends only on the 
mass m of the atoms, their distance apart d, and the compressibility k o£ 
the body, then an equation of the following form must hold 

y = C . m'= . dW . K^. 

C is here a numerical constant ; x, y and a are numbers which remain to 
be determined. 

The dimensions of the frequency [k] are [i - 1] ; the dimensions of m and 
d are [ot] and [Z], and the dimensions of the compressibility k follow from 
its definition : 

increase in volume 



increase in pressure x original volume 
K has therefore the dimensions 



LpiBssureJ L force J 



.pressure. 
We thus get the following dimensional equation 

i-1 = Clm'iyi'm-H^ = [m»- 
Henoe 

X - z = 0; 2/+2 = 0; 22 =-1 
from which we get 

X = - i; y = +i; 2=-i 

We have therefore, 

y = Cin~i • diK~'. 

Let N be Avogadro's number, i.e. the number of atoms in the gramme- 
atom. Then the atomic weight of the body is numerically equal to the 
mass of the gramme-atom, i.e. 

A = mN. 

If we imagine the atoms arranged upon a cubical space-lattioe vrith 
sides d, then the density must satisfy the equation 

m 
P-d' 

from this it follows that 

d = mi p~^ 
and hence 

m "^ 

from which, it foUows that 

C 
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Eimtein determines the factor C by assuming simply that only the 
twenty-six neighbouring atoms act upon the displaced atom. 

104^. A. Lindemann, Phys. Zeitschr. 11, 609 (1910). Lindemann's 
formula may be shortly deduced thus : Let r = a sin (2iri/<) be the elonga- 
tion of an atom which is vibrating with the amplitude a and the frequency 
V. The mean energy of this atom is 

E = f (1)^ + f ■ (2..)V^ = f . (2.^)V = 2^,^'. 

At the melting-point, according to Lindematvn^s conception, o is of the 
same order as d (distance apart of atoms). On the other hand, the mean 
energy of the atoms at high temperatures = 3kT, or, at the melting-point 
3kTg. (The melting-point, as a rule, is high.) From this it follows that 



Zir'yhiuP = 3kT, 



V: 



1= const. T,*iii~^d~ . 



2v^md'- 
But we have (see note 103) 

™=Jf: d = m.if>-^ = AiN~^p~^- 
Hence 

1/ = const. T,^ . A-iN^A-^N^p' = const. Tj* . 4~* . pi. 

103 E. OrUneisen, Ann. d. Phys. 39, 291 et seq. (1912). 

106 E. Madelung, Naohr. d. kgl. Ges. d. Wiss. zu Gottingen, mathem.- 
physikal. Klasse 1909, p. 100, and 1910, p. 1. 

107 W. Sutherland, Phil. Mag. (6), 20, 657 (1910). 

108 If n and k are the coefSoients of refraction and extinction of a 
substance respectively, then, according to Maxwell's Theory, its reflect- 
ing power is 

(w - 1)^ -H ^ii 

(n + If + k'' 
If we require the point of maximum reflection, we have to form the 
equation ^ = 0, which gives after reduction the following relation : 

(»i2-«»-l)|r'+2nK|!i=0. 

Jrom this we see that the position of maximum reflection does not 
coincide exactly with the position of maximum absorption (~ = (i\ 

but that it lies the nearer to it, the less the coefiicient of refraction 
varies with the frequency. On the other hand, the point of maximum 
absorption lies, according tio the dispersion theory, in the immediate 
neighbourhood of the natural frequency v,-. 

109 H. Rubens and E. F. Nichols, Wiedem. Ann. 60, 418 (1897). Also 
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H. Rubens and H. Hollnagel, Ber. d. kgl. preuaa. Akad. d. Wiaa. 1910, 
p. 45; H. Hollnagel, Dissert. Berlin 1910; H. Rubens, Ber. d. kgl. 
preuss. Akad. d. Wias. 1913, p. 513 ; H. Rubms and H. v. Wartenberg, 
ibid., 1914, p. 169. 

As an example we give here the following small table in which \ 
denotes the wave-length of the " residual " rays, as given by the above 
investigators. 



NaCl 
KOI 
AgOl 
HgOl 



52 ^ 
63-4;i. 
81-5u 
98-8jtt 



TlCl 
KBr 
AgBr 
TlBr 



91 -6^1 

82-6m 

112-7m 

117 ^ 



110 Of., however, note 108. 

111 W. Nemst and F. A. Lindemann, Sitzungsber. d. kgl. preuss. 
Akad. d. Wisa. 1911, p. 494 ; W. Nernst, Ann. d. Phys. 36, 426 (1911). 

112 The following short table gives the values for v which are calculated 
from Einstein's formula (35), Lindemann's formula (36), from' the 
"residual rays" (see note 109), and from the observed atomic heat 
according to an empirical formula (40) proposed by Nernst and 
Lindemann. For more detailed data with, in part, corrected numerical 
factors see C. E. Blom, Ann. d. Phya. 42, 1397 (1918). 



Substance 


•'b 


"i 


"residual rays 


^atomic heat 
(Nermt-Lindemann) 


Al 


6-7 . 1012 


7-6 . 1012 




8-3 . 1012 


Cu 


5-7 . 1012 


6-8 . 1012 




6-7 . 1012 


Zn 




4-4 . 1012 




4-8 . 1012 


Ag 


4-1 . 1012 


4-4 . 1012 




4-5 . 10'2 


Pb 


2-2 . 1012 


1-8 . 1012 




1-5 . 1012 


Diamond 




32-5 . 1012 




40 . 1012 


NaCl 




7-2 . 1012 


5-8 . 1012 


5-9 . 1012 


KCl 




5-6 . 10'2 


4-7 . 1012 


4-5 . 1012 



113 W. Nernst, F. Koref, F. A. Lindemann, Untersuohungen fiber die 
spezifisohe Warme bei tiefen Temperaturen. I. u. II. Sitzungsber. d. 
kgl. preuss. Akad. d. Wiss. 1910, 3 March.— TF. Nernst, idem III., ibid., 
1911, 9 March.— Jf. A. Lindemarm, idem IV., ibid., 1911, 9 March.- W'. 
Nermt and F. A. Lindemann, idem V., ibid., 1911, 27 April.— TT. Nernst 
and F. A. Lmdemann, idem VI., ibid., 1912, 12 Dec.— W. Nernst, idem 
Vn., ibid., 1912, 12 Dec— TT. Nernst and F. Schwers, idem VIII., loc. 
cit.,'l91i.—W. Nernst, Der Bnergieinhalt fester Stoffe. Ann. d. Phys. 

36,'395 (1911). ' „ ^, J 

IH W. Nernst, Die theoretischen und experimentellen Grundlagen des 

neuen Warmesatzes. (W. Knapp, Halle 1918.) 

118 The First Law states : If d'Q is the heat supplied to a system, d A 
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the work done cm the system from outside, then the increase of energy 
U of the system is given by 

dU = d'Q + d'A. 
The Second Law states : if d'Q is supplied reversibly at the temperature 
T, then =-^ is the complete dilierential of the entropy S, henee 

T 

Let us follow HelmholU and introduce the " free energy" F defined by 

F= U- T- S. 
Then it follows that 

dF = dU - T.dS - S.dT= d'Q + d'A - T.dS - S.dT 

i.e. dF = d'A - S . dT 

for evei7 reversible process. 

If the process is isothermal {dT = 0) then it follows that dF = d'A 
or, for a finite change of state, F^ - F-^ = A. If we set A' = - A, so 
that A' is the work gained, wa get 

F,-F, = A'. 

That is, the work gained in the isotJiermal reversible process — which is, 
as may be shown, the maximum obtainable — is equal to the decrease of 
free energy. 

Further, it follows, since at constant volume V the work d'A = 0, 
that 

Therefore, formulating these expressions for two states, we get 

or, finally, if we write for short Uj - Dj = U' 
A' - U' = tC^] 

an equation much used in physical chemistry. 
Since, now, according to Nernst's heat theorem, 

m\ =0 

\dT)\imT=0 
(A' - U') vanishes for T = 0, being above the first order. 

Hence lim?(^-_F) = o 

T=o dT 

and hence also 

,im|j:=0 or limP = limm 
r=oO-' T=ooT T^QdT 
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This is equation (39) of the text. 

From 1^ = _ S, it follows further that ^^\~ ^'^ = S^ - Sj, or 

and hence Nernst's Theorem may be formulated thus 
lim (Sj - Si) = 

that is, in the neighbourhood of the absolute zero all processes proceed 
without change of entropy. 

116 Of., for example, M. Planck, Lectures on Thermodynamics. Planck 
goes further than Nernst inasmuch as he postulates that not only the 
difference of the entropies Sj - Sj is zero at absolute zero (see previous 
note) but also that the individual values themselves become zero. Hence, 
according to Planck, at the absolute zero of temperature the entropy of 
every chemically homogeneous body is equal to zero. Prom this the con- 
clusion given in the text, 

rdu\ 



lim(^ 
!Z'=0\<^ 



may be deduced immediately. It follows from the relation (occurring 
in the last note) 

F - U= - T8 

and from Planck's version of Nernst's Theorem, that F - TJ vanishes for 

2* = 0, being of higher order than the first. 

Hence 



or, finally. 






ill For low temperatures, that is, for high values of a; = -= Einstein's 

formula (34) takes the following form : Ov = 3iJa;%~'^. The falling-off at 
low temperatures therefore follows an exponential law ; more exactly, it 
varies as 

-I const 

Tf~ '' ' 

118 W. Nernst and F. A. Lindemann, Sitzungsber. d. kgl. preuss. Akad. 
d. Wiss. 1911, p. 494 ; Zeitsohr. f . Elektrochemie, 17, 817 (1911). 

119 4. Einstein, Ann. d. Phys. 35, 679 (1911). 

120 For if we regard the atoms as mass-points, then each atom has three 
degrees of freedom ; the whole body has therefore ZN degrees of freedom. 
Ab is proved in mechanics, however (cf. B. M. Weber and B. Qans, 
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Repertorium der Physik Bd. I. pp. 175 et seq.), a mechanical system of 
3N degrees of freedom has 3N natural frequencies, and the most general 
small motion of each atom consists in a superposition of these 3N natwal 
frequencies. 

121 P. Debye, Ann. d. Phys. 39, 789 (1912). 

122 M. Born and Th. v. Kdrmdn, Phys. Zeitschr. 13, 297 (1912) ; 14, 
15, 65 (1913). Cf. also M. Born, Ann. d. Phys. 44, 605 (1914) ; M. Born, 
Dynamik der KiistaUgitter (Teubner, Leipzig and Berlin 1915). 

128 Cf., for example, R. Ortvay, liber die Abzahlung der Eigenschwin- 
gungen fester Korper. Ann. d. Phys. 42, 745 (1913). 

Ortvay considers the natural frequencies of an elastic cube, each side 
of which has the length L. There are found to be three groups of natural 
frequencies. The first two groups are the transversal frequencies, the 
third group is the group of the longitudinal frequencies. That the trans- 
versal frequencies form two groups (moreover identical) is easily seen. 
For in the case of a transversal vibration, which ia propagated in, say, the 
direction of the x-axis, two equal alternatives are probable, namely, that 
the particles vibrate parallel to the y- or to the «-axis. In the case of the 
longitudinal oscillations, however, there is naturally only one group ; for 
in the ease of propagation along the i-axis there is only one possibility, 
namely, that the particles vibrate parallel to the K-axis. The frequencies 
of the first two groups are characterised by the values 



' 2L 



the third group by 



,, = c,N/a^ + b» + < 



Here c, and c, are the velocities of propagation of transversal and longitu- 
dinal waves in the body, whereas a, b, c are arbitrary positive whole 
numbers. If therefore we give a, b, c all possible values in all possible com- 
binations, we get all the possible transversal and longitudinal natural fre- 
quencies, which together form the elastic spectrum of the cube. If now 
we inquire how many transversal natural frequencies of the first group 
fall below y, this means nothing else than inquiring how many trios of 
values (a, b, c) fulfil the condition 



c N^a- + b' + c- ^ 
' 2L <" 



.2Lv 



Ja? H- b'! -I- c'-' < -— • 

Imagine a, b, c as co-ordinates of a point in space. Then all possible trios 
(a, b, c) of values are represented by the total " lattice-points " of the 
positive space octant, and the above question is answered by counting how 

many lattice-points are at a distance less than — " from the origin (0, 0, 0). 
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All these lattice-points lie within the positive octant of the sjjhere whose 
radius is . Since now one lattice-point is assigned to every volume ot 

magnitude 1 — namely, every elementary cube — the required number o{ 
lattice-points, provided that it is sufficiently large, is equal to the volume 

of the positive spherical octant of radius — .", i.e. is equal to 

8 ■ 3 V c, j ~ 3 ci ' 

If F = L' is the volume of the given cubical body, then the number 
of the transverse natural frequencies below v belonging to the first 
group is 

' -> c-i 



3 



The number belonging to the second group is the same, that is 

■ > 3 el 

Finally, the number of the longitudinal frequencies corresponding to 
these is 

We thus get for the total of all natural frequencies below v 

z = z,^z,-,z, = ^v[l^^^y. 

The total of natural frequencies in the interval v . . . v + dy follows by 
differentiation vrith respect to v 



Z(y)dv = iirF^?- -f \\v'dv 



and this is just formula (43) of the text. 

IM In formula (48) for Z(v)dv let us replace, according to formula (44) 
of the text, the factor 



Then it follows that 



(hLYeTT 



•i [elcT-l) 



•Hy. 
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If we now set%,= K and ^ = (c„, we get 

9^ rx'e^'dx 






o'C -IF 

123 A table showing how the Debye function Cv depends on Xm is given 
by Nemst (Die theoretischen und experimentellen Grundlagen des neuen 
Warmesatzes. W. Knapp, Halle 1918, p. 201). In it the simple 
Einstein function [formula (34) of the text] is also tabulated. 

126 If T is great, then x^ is small compared with 1 ; then we may 

replace in the integral of (45) e" by 1 in the numerator, and e^ - 1 by a; 
in the denominator. It then follows that 






127 If T is small, then Xm is large, and we may replace the upper 
limit of the integral as a first approximation by oo . The integral will 
thus become a numerical constant independent of Xm, and it follows that 

„ Q R 9iJ • const. • »?,, ,„ 

C„ = H£ . const. = —^^ — ^ . T^ = const. • T^. 

x^n h'k^ 

128 Prom the theory of elasticity it follows that 



c,= ./ 3(1-.^) and c,= .3EM 

\(1 + o-)kp \2(l + <r))cp 

where k is the compressibility, p the density, and o- the ratio 

transverse contraction 
longitudinal dilatation 

If we insert these values in (44) and note further that V = —, formula 

P 
(46) of the text follows. 

129 As the number of frequencies below c is proportional to i/S, we get, 
for example, the following picture : if we divide the interval from to 
!/„, into 10 parts, and if only one natural frequency lies in the first 
division, then in the following divisions there vrill be 7, 19, 37, 61, 91, 
127, 169, 217, 271 natural frequencies ; i.e. the natural frequencies crowd 
continually closer together. 

130 P. Debye, Ann. d. Phys. 39, 789 (1912) ; W. Nernst and F. A. 
Lindemann, Sitzungsber. d. Berl. Akad. d. Wiss. 1912, p. 1160. 

131 A. Eucken and F. Schwers, Verhandl. d. deutsch. physikal. Ges. 
15, 578 (1913) ; W. Nernst and F. Schwers, Sitzungsber. d. Berl. Akad. d. 
Wiss. 1914, p. 355 ; P. GrUnther, Ann. d. Phys. 51, 828 (1916) ; W. E. 



NOTES AND REFERENCES 155 

Keesom and KamerHngh-Onnes, Amaterdam Pioc. 17, 894 (1915). Cf. 
also the graphic tables by E. SchrGdinger, Phys. Zeitaohr. 20, 498 (1919). 
182 If we introduce into equation (44) of the text, 

3 W c?/ 
a " mean acoustic velocity " "c, by the obvious definition 
3 _1 2 
^3 - c? + 4 

then for the order of magnitude of the smallest wave-length Amin, there 
follows 









If now the atoms in the cubical space-lattice, for example, are arranged 
so as to be a distance a apart, then Na^ = V, and hence 

tt. 

3 
138 For references see note 122. 
134 Cf. Born, Dynamik der Kristallgitter, § 19. 
188 J". Haber, Verh. d. deutsoh. phys. Ges. 13, 1117 (1911). 
For if the atomic residue (mass ro) and the electron (mass /t) are held 
to their zero positions by forces of the same order of magnitude, and if 
they vibrate independently of one another (a simplifying supposition) the 
equation of vibration of the atom is mx + a^x = 0, the solution of which is 

X = A sin( ~7=* J. The infra-red frequency of the atom is, therefore, 

a 
''r=n — 7^1 and correspondingly, the ultra-violet frequency of the electron 

is Vv = - — ;=. Hence Saber's Law follows: ><, : i/„ = V/i : njm. The 

general space-lattice theory of M. Bom confirms this law and shows that 
in the lattice, too, atomic residues and electrons appear upon an equal 
footing, and are acted upon by forces of the same order of magnitude. 

186 Cf. M. Born and Thos. v. Kdrmdn, Phys. Zeitschr. 13, 297 (1912). 

We may treat this problem, which is of course one-dimensional, most 
simply thus : If we imagine an endless chain of points of equal mass m 
disposed along the a;-axis at a distance apart a, and if we suppose for 
simplicity that each mass-point only acts upon its two neighbours, then 
the equation of motion of the »ith point is 

mxn = o(x„+i - x„) - a{Xn - x„-i) = a{Xn+i + x„-i - 2a;„). 
Here a is a constant, and n can assume all values between -l- co and - oo . 
Aa a solution let us sst for trial 

Xn= A sia (2irj/i - n-^\ 



■^n+p 
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This represents a process which is periodic in space and time, that is, a, 

wave which is propagated along the chain in the direction of increasing 

X. The frequency of this wave is </, its length is \. Then, if after p 

points the same displacement is to recur, pa must = A, and hence it 

actually follows that 

. . r^ , , > 27ro"l 

= ^ sm 2iri/t - [n + p) — 

In order to find the relation between v and \ (that is, the " law of dis- 
persion"), let us insert the above formula in the equation of motion. 
Then it follows that 

- m(2iry)^4 sin ( 2Trvt - n~ \ 
= a^isin i-rrvt - (n + 1)^^ + sin 2TTvt - (m -1)-^ 



2 sin : 



2..<-„?^1| 



That is. 



= - laA. sm lnvt - n — . 1 1 - cos — ). 

V = -\- sin ( !L )= v„ sin ( !I^ I, if we set ~\— = »„. 
T \m \ A. / V'*- / •^ '»» 

137 Of. Bom, Dynamik der Kristallgitter, p. 51. 

From the special case treated in the previous note, we also recognise 
the truth of law (49) ; for if A is much greater than a, the dispersion law 

TTd Q 

takes the form v = Vm-r ~"T' where q = Vmira, represents the velocity of 

A A 

propagation of the wave, and this is independent of the wave-length. 

138 The statement that a given direction lies in the element of solid 
angle dn is intended to convey the following sense : about an arbitrary 
origin describe a " unit sphere," i.e. a sphere of radius 1. Now let a cone 
of infinitely small angle be constructed of rays passing through 0, the point 
of the cone lying at O. Let this cone out out of the surface of the unit 
sphere a small element of surface dn. Now let the parallel ray to the 
"given direction" be drawn through O (here, for example, the wave- 
normals). If this ray lies in the cone just constructed, then we say that 
the " given direction" lies in the elementary solid angle dn. 

139 The capacity for heat of a certain finite body is that amount of heat 
which must be imparted to the whole body in order that its temperature 
be raised by 1° C. if JW is the mass of the body, and c its specific heat, 
then its capacity for heat is 

r = cM, 
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From the mean energy content E of the whole body, r foUows by 
difEerentiation with respect to the temperature 

dT' 

HO This somewhat oomphcated calculation runs as follows: we start 
from the formula 

1 = 1 Km{n) 



'^idol^^ 

L^ - J 



and first replace A by "*' \ Thus we get 

and the integral with respect to A. is transformed into one with respect to 
yi. The limits of this integral are 



and 

If we further set 

we get 



yj = 8''(") [corresponding to \ = A,„(n.)] 
Am(w) 

vi = (corresponding to A = cd ). 

hH = ^ and ,^g''^> =W(») 



In place of the quantities qi(n) and Km{n) which still depend essenti- 
ally on the direction, let certain mean vahies be introduced. Firstly, let 
us set 



i_= 1 /"-^ (i = 1, 2, 3 . . .)• 



^l * 

In this way three mean acoustic velocities "si, q^, gj, independent of the 
direction, are defined. We further introduce in place of Am(n) a mean 
value independent of the direction, in the following manner. In deduc- 
ing formula (55) we saw that 

4ir DO 

Ani(») 
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If we carry out the integration with respect to K, we get 



4>r 

Vf da 






j dn ^ 3N 
"> ' 

Now, in a way antilogous to that used for the acoustic velocities q, we 

set 



4ir 

^3 inj^Sjn) i^r 



Hence 



Into Xi{n)= /^'j J . we introduce in place of qi{n) and \m(n) the mean 

values qi and A^, which are independent of direction ; thereby xi{n) also 
becomes inde^jOK/gM^ of direction, and is transformed into 



Xi= ^' 






kTi:;;. kT\^i^v 



It follows that 






3 Xi 



i = l 
3 






= 3iJ 



3 «t 

■^ 1 f x*e'=dx 

i = l 



141 At the lowest temperatures 



3 3 00 

3s ^ * ' 3s ^xi«j{ex-iy 
1 i=l 
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Nowjihe value of the integrals = ^t*. If we further set B = Nk, and 
for X- the value (59), Vfe get 

If we introducejn place of the three aooustio velocities g^i fe ffs ^ mean 
acoustic velocity j by means of the definition 



S 
2 



o a in- 

■^1 -^ 1 f dn 



it follows that 






V - 

Finally for -j- we can vmte Vj (mean atomic volume) and thus get the 

formula 

_ len'^k^VjT^ 
Cm = = . 

143 H. Thirring, Phya. Zeitaohr. U, 867 (1913) ; 15, 127, 180 (1914). 
HS M. Born and Th. v. Kdrmdn, Phya. Zeitachr. 14, 15 (1913). 
1« Cf . note 132. 
148 Cf. note 128. 

146 A. Eiicken, Verhandl. d. deutsoh. phyaikal. Qes. 15, 571 (1913). Cf. 
also A. Eucken, Die Theorie der Strahlung und der Quanten (W. Kuapp, 
Halle 1914), pp. 386 et seq.. Appendix. 

147 Cf. A. Etwken, Die Theorie der Strahlung und der Quanten (W. 
Knapp, Halle 1914), p. 387. _ 

148 To calculate the mean acoustic velocity g, the relation given in note 
141 is used 

3 in 

i=l 

We have therefore to obtain from the "dispersion equation'' of the 
crystal in question (for long waves) the values of the three aooustio 
velocities 2i(m), 22W> iz(i^) s^s functions of the wave-direction ; j is then 
obtained from the above formula by integration over all directions and 
finally summation. 

149 i. Hoy/ and O. Lechner, Verhandl. d. deutsoh. physikal. Ges. 16, 
648 (1914). 

180 The foUovdng short table is taken from the paper of Hopf and 
Lechner cited in note 149 : 



leo 
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Crystal 


q calo. from C^ 


q calc. from elastic 
data 


Sylviu . 
Bock salt . 
Pluor-apar . 

Pyrites 


2-36 . 10' 
2-82 . 10' 
4-02 . 10' 
5-43 . 10' 


2-03 . 10' 
2-72 . 106 
3-82 . 106 
5-12 . 105 



181 W. Nemst, Vortrage fiber die kinetisohe Theoiie der Materia and der 
Elektrizdtat. Wolfskehl-Kongress 1913 in Gottiugeu (Teubner, Leipzig 
and Berlin 1914), pp. 63 et seq. 

1S2 W. Nemst, ibid., pp. 81 et seq. 

183 E. SchrOdinger, Phys. Zeitsohr. 20, 503 (1919). Schrodinger correctly 
points out that — apart from the substitution of one single mean x for 
the three quantities Xi in the Debye terms — the approximation above all in 
the second part of C„ (i.e. the replacement of the 3(s - 1) frequencies 
1/4 . . . j/j by the constants v^ . . . v^,) may not be permissible in many 
oases : namely, in those oases in which the masses of the various kinds 
of atoms are not very different from one another. If we were to allow 
— so he argues — the masses of the different kinds of atoms and the forces 
acting upon them gradually to become equal to one another, a simple 
atomic lattice would result, and during this process the 3(s - 1) branches 
of the spectrum, which correspond to the second type of motion, would 
merge into the three first branches. " They cannot therefore even bs 
approximately monochromatic if the masses differ only slightly." 

mH. Thirring, Phys. Zeitschr. 15, 127, 180 (1914). 

188 Af. Born, Ann. d. Phys. 44, 605 (1914). 

186 S. OrUneisen, Ann. d. Phys. 39, 257 (1912). 

187 S. Batnowski, Verhandl. d. deutsoh. physikal. Ges. 15, 75 (1913). 

188 Vortrage iiber die kinetische Theorie der Materie und der Elek- 
trizitat. Wolfskehl-Kongresz zu Gottingen, 1913. (Teubner, Leipzig 
and Berlin 1914), Vortrag P. Debye. 

189 If J7 is the energy, and S the entropy of the system, then the "free 
energy " is defined according to HelmhoUz by the relation 

F=U - S.T. 

It then follows from note 115 that 

dF = d'A- S. dT 

where d'A is the work done from without. If we set in the usual way 

d'A = - pdV (p = pressure, F = volume) 
then 

dF=-pdV- SdT. 

From this we get immediately the equation (66) in the text 

(if)r- 



Similarly, 



and hence 
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S 






U = F+T.S = F - t('^\ 



<dT)y 
160 P. Debye, loc. cit., note 158. 

161 E. OrUneisen, Aim. d. Phys. 26, 211 (1908) ; 33, 65 (1910) ; 39, 285 
(1912). V ;. us, 

162 P. Debye, loo. cit., note 158. 

1634. Eucken, Ann. d. Phys. 34, 185 (1911) ; Verhandl. d. deutsoh. 
physikal. Ges. 13, 829 (1911). 
164 P. Drude, Ann. d. Phys. 1, 566 (1900). 
16SS. Riecke, Wiedem. Ann. 66, 353, 545 (1898). 

166 Of., for example, H. A. Lorentz, The Theory of Electrons (Teubner, 
Leipzig, and Berlin 1909). 

167 Let 2 be the average velocity of the electrons along the free path I. 

Then the electron takes the time -r = - to pass over this free path. 

During this time it is exposed to the electrical force E of the external 
field. Its increase in velocity due to this force is at the commencement 

of the free path = 0, at the end of it = — -, where e and m are the 

m 

charge and mass of the electron respectively. In the mean, therefore, 

the small additional velocity generated by the field is Ao = „ = ;r=— 

^ 2m 2ot2 

The electrons stream unidi/rectionally with this velocity against the field. 

If N is the number of electrons per unit volume, then through unit 

area of the surface there streams per second a, quantity of electricity 

NeAg = -g . This is, however, the "current density" I which is 

known to be coimected with the field E by the relation I = o-E- The 
expression (67) for the conductivity a therefore follows. 

A more thorough treatment is due to H. A. Lorentz (see note 166). 
He does not give the electrons a single velocity g, but introduces Max- 
well's supposition, known from the kinetic theory of gases, that all 
possible velocities occur, which are distributed among the electrons 
according to a fixed law, the ao-oalled Maxwell Law of Distribution. 
He thus obtained a formula of the following form : 

2"Ng^Z 
3ir mq 

which therefore only differs by a numerical factor from Drude's formula 

(67) ; here q = \/gp, the root mean square of the velocity. 

168 Let a temperature gradient along the x axis be present in the piece 
of metal. Let a section be taken (see Pig. 12) at right angles to the 
11 







^^^ 


/ 




>-x 
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X axis ; we shall calculate the energy transport across tliis section per 
Second. If we suppose that J of all electrons wander in each of the three 
directions in space, then J move in the positive x direction ; and further, 
^ the number of electrons which 

pass through the unit of sur- 
face in one second, will be all 
those which are contained in 
the small shaded cylinder with 
the base surface area 1 and the 
height q (velocity), namely, 
FiQ. 12. 4N2- We also make the sup- 

position, usual in the theory of 
gases (although not strictly true), that the energy, which each electron 
transports through the cross-section, has the value correspondiDg to that 
which it had at the point where it last collided. 
Now the energy in the section itself at temperature 2" is equal to f fcT, 

and hence the energy = ^kT + xSl — I . I at the points which lie at a 

~ ox 

distance I in front of and behind the section. Here, on the average, the 

electrons coming from the right and the left meet with their last collisions. 

The energy transport per second through unit of cross-section is 

therefore 

Hence y = iJiflqk is the coefficient of thermal conductivity. 

Here also H. A. Lorentz has deepened the theory by taking the distri- 
bution of velocity into account, and finds that 



-,^lmqk 



where again q = Vg'' 

169 0. Wiedemann and B. Franz, Poggend. Ann. 89, 497 (1853) ; L. 
Lorenz, Wiedem. Ann. 13, 422, 582 (1881). Of. also O. Eirchhoff and 
G. Hansemann, Wiedem. Ann. 13, 417 (1881) ; W. Jaeger and H. 
Diesselhorst, Abh. d. phys. techn. Reichsanstalt 3, 269 (1900). 

The following short table is taken from the paper of the two investi- 
gators last named ; it gives the ratio 21 for various metals at a temperature 
of 18° C. 
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Metal 


J'. 10-10 




tf 


Al 


6-36 


Ou 


6-65 


Ag 


6-86 


Au 


7-09 


Zn, 


6-72 


Pb 1 


7-15 


Pt 


7-53 


Bi 


9-64 



170 It follows from (67) by setting \m<^ = f fel", that is, g = a/?^, that 

\ TO 



1= 2<r: 



Ne' 



Now, let N be the number of atoms per unit volume, N* the number 
of atoms in a gramme-atom (Avogadro's number). If, further, A is the 
atomic weight, M the mass of an atom, and p the density, then 

(A = MN* 
\p = MN 
therefore 



P ■■ 
N-- 



N*-h- 



We next assume that N, the number of electrons per unit of volume, is 
small compared with N, say 

If we insert this value, then we get for the free path 

, _ WO(rAiJZkTm 
N*pe^ 

We shall make a rough calculation for copper at 0° 0. We have 

ir ■— . 5'i . 10^' (in electrostatic units) 
A = 63-57 
A; = 1-4 . 10-" 
2"= 273 
m = 0-9 . 10-2' 
N* = 6-1 . 1083 
p = 8-9 
e = 4-77 . 10-1". 

With these values we get 

I is of the order 5-7 . 10-^. 
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Since the atomic distance is of the order of magnitude 2 . lO"', the 
electrons would therefore only sufier collision after passing many thou- 
sands of atoms. This is unaooeptahle, since the "radius of molecular 
action " of the atoms itself has dimensions which fall within the order of 
magnitude of about 10-*. 

171 H. A. Lorentz, loc. cit., note 43. 

112 J. J. Thomson, The Corpuscular Theory of Matter. 

173 H. Kammerlingh-Onnes, Leiden Oommunioat. 1913, 188. 

174 C. H. Lees, Phil. Trans. (A) 208, 381-443 (1908). 

175 W. Meissner, Ann. d. Phys. 47, 1001 (1915). 

176 W. Nernst, Berl. Ber. 1911, p. 310. 

177 H. Kammerlingh-Onnes, Leiden Communicat. 119, 22 (1911). 

178 F. A. Lindemann, Berl. Ber. 1911, p. 316. 

179 W. Wien, Berl. Ber. 1913, p. 184. Cf. also Vorlesungen iiber 
neuere Probleme der theoretischen Physik. (Teubner, Leipzig and Berlin 
1913.) 3. Vorlesung. 

180 If s is the radius of atomic action, N the number of stationary atoms 
per unit of volume, then, according to a well-known result of the kinetic 
theory of gases, the mean free paths of the electrons 

1 = -}-. 
irNs' 

Let us set 

s = Sq + a 

where s^ is the radius of atomic action for 2* = 0, that is, when the atoms 
are at rest ; let a be the amplitude of atomic vibration. Now the mean 

energy E of this vibration (frequency v), on the one hand, = — (2^1/)%^ 

{M is the atomic mass) ; on the other hand, it is, according to Planck- 
Einstein, 

3hv 

ekT- 1 
From this it follows that 

W 



tta/ / hi 

1 OUT.. I -I- 



Now, according to formula (67) of the text, the resistance 






VSkT 
— (cf. note 170), and for N, according 

position, a ^2\ and for i th( 
^Ns' = jriV(a2+ 2aSo + sj) 



to J. J. Thomson's supposition, a^T, and for i the value 
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it follows that 

( Sh 2s„ / 3h 



TT \2 



^= — isr-iir~ /-s; — + «s r 

an expression, which contains only o and s„ as unknown constants. If 
we set 






then 1^ assumes the form given in the formula (70). 
181 F. A. Lindemann, Phil. Mag. 29, 127 (1915). 
181a F. Haber, Berl. Akad. Ber. 1919, pp. 506 and 990. 

182 J. Stark, Jahrb. d. Eadioakt. u. Elektrouik 9, 188 (1912). 

183 G. Borelius, Ann. d. Phys. 57, 278 (1918). 

184 K. Herzfeld, Ann. d. Phys. 41, 27 (1913). 

185 If we set ^mq^ = E, therefore q = \ — , the first of the two for- 

V m 
mulae (72) follows from (67). If we further take into account that in Drude's 

Theory E = ^kT, that is, that fc = - ^. then from (68) the second for- 
mula (72) follows. 

186 E. V. Bauer, Ann. d. Phys. 51, 189 (1916). 

187 W. Nernst, Berl. Ber. 1911, p. 65. 

188 4. E-ucken, Berl. Ber. 1912, p. 141. 

189 K. Scheel and W. Heuse, Ann. d. Phys. 40, 473 (1913). Cf. also 
L. Solborn, K. Scheel and F. Henning, Warmetabellen der physikal.- 
techn. Beichsanstalt (Vieweg 1919). 

190 A. Einstein and O. Stern, Ann. d. Phys. 40, 551 (1913). 

191 The quantum formulae (76) and (77) properly correspond to the 
Planck oscillator, that is, to a system of one degree of freedom, while 
here, in the case of rotation, we have to do with two degrees of freedom. 
But the energy of the Planck oscillator is composed of two equal parts, a 
kinetic and a potential part, while in the case of rotation only kinetic 
energy comes into question. This is often expressed thus : the Planck 
oscillator possesses one potential and one kinetic degree of freedom, while 
the rotating molecule possesses two kinetic degrees of freedom. 

192 P. Ehrenfest, Verhandl. d. deutsch. physikal. Ges. 15, 451 (1913). 

193 According to note 48, the quantum canonical distribution function is 
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and the mean energy is 



"^PnE^ *^ 






•tpne 



If we here set all pn's = 1, and if for En we substitute the value E'"' 
from (80), there follows for the mean rotational energy of a molecule 

00 

Et=c:3^-~ where <r:- 




and for the heat of rotation of hydrogen we get the expression 

Cr = 2N^. 
dT 

IM The turning impulse (moment of momentum) of a system, the 
mass-points of which possess the mass mi, the velocities Vi, and the dis- 
tances ri from a fixed point (say the origin of co-ordinates), is a vector of 
the value 

lUI = %miViri sin {vin). 
i 

In the present case, the system consists only of the two atoms (mass M) , 
which rotate around a circle of radius r with the constant velocity 
V = r- 2ti/. 
Hence here 

(Ul =i) = 2Mr2 . 2iry = J". 2irv, 

where J = 2Afr^ is the moment of inertia. 

198 The impulse (or momentum) pi corresponding to a generalised oo- 

3L 
ordinate qi is, according to note 48, defined by the relation yt= g.' 

doi 
where gi = -jt, and L is the kinetic energy of the system. Now here 

the angle of rotation ^ is chosen as a generalised co-ordinate. But the 
kinetic energy of a body rotating about a fixed axis is known to be 
= J ■ (moment of inertia) x (angular velocity)', hence 

Hence 
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196 W. Beiehe, Ann. d. Phys. 58, 657 (1919). 

197 The best curve was obtained by assigning the " weight " 2n to the 
rath quantum state of rotation. The rotationless state (« = 0) thus 
receives the weight zero, i.e. it does not exist. This amounts to the 
same thing as the introduction of a zero-point rotation. 

198 E. Holm, Ann. d. Phys. 42, 1311 (1913). 

199 J. V. Weyssenhoff, Ann. d. Phys. 51, 285 (1916). 

200 M. Planck, Ber. d. deutsoh. physikal. Ges. 17, 407 (1915). 

201 S. Botsmyn, Ann. d. Phys. 57, 81 (1918). 

202 The curve is not drawn by Planck, but is discussed in the author's 
paper cited in note 196. 

203 See lilcewise the author's paper quoted in note 196. 

204 P. S. Epstein, Ber. d. deutsoh. physikal. Ges. 18, 398 (1916). Of. 
also Phys. Zeitsohr. 20, 289 (1919). 

208 N. Bohr, Phil. Mag. 1913, p. 857. 

206 During " regular precession " the top turns uniformly about its 
axis of symmetry (axis of its figure), while at the same time this axis 
describes a cone of circular section about an axis fixed in space. 

207 A compilation of the moments of inertia of the hydrogen molecule 
used by the various investigators is as follows : — 

J . 1041. 

Einstein-Stern 1-47 

Ehrenfest 0'69 

f2-2141 
Reiche -J 2-293 > different curves. 



Solm 1-36 

Weyssenhoff 0'34 

Botszayn 2-12 

Epstein (Bohr's model) . . . 2-82 

208 JT. Bjerrum, Nernst Festschrift 1912, p. 90. Bjerrum did not, 
by the way, start from formula (79), but calculated with the values 

_ nh 
*'""" ^TrV"' ^^'^°^' follo'^riiig a proposal of S. A. Lorentz, he set the rota- 
tional energy S'"' equal to nhv^, in contrast to Ehrenfest's formulation 

(78), which rests on a sounder basis. 

209 S. P. Langley, Annals of the Astrophysical Observatory of the 
Smithsonian Institution, Vol. I, p. 127, Plate XX (1900). 

210 P. Paschen, Wiedem. Ann. 51, 1 ; 52, 209 ; 53, 335 (1894). 

211 B. Bubens, Berl. Ber. 1913, p. 513. 

212 H. Bubens and E. Aschkinass, Wiedem. Ann. 64, 584 (1898). 

213 H. Bubens and O. Heitner, Berl. Ber. 1916, p. 167. See also 
a. Settner, Ann. d. Phys. 55, 476 (1918). 

214 W. Burmeister, Ber. d. deutsch. physikal. Ges. 15, 589 (1913). 

21i Eva V. Bahr, Ber. d. deutsoh. physikal. Ges. 15, 710, 731, 1150 
(1918). 

216 Of. Lord BayUigh, Phil. Mag. 34, 410 (1892). Let an HCl mole- 
cule, for example, be considered, which consists of a positively charged 
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hydrogen atom H+ and a negatively chlorine atom CI— (see Pig. 13). Let 
its centre of gravity be S, and let a be the distance of the H+ atom from 
S. Let the line joining the two atoms be the axis of x', and let this axis 
turn in the positive direction about S at the rate of f^ revolutions per 
second vrith respect to the fixed x-j/-system. If, now, the two atoms 
vibrate relatively to one another with the frequency y,, and the amplitude 
A , then the «;' co-ordinate of the H+ atoms may be represented thus 
x' = a + A sin (Zin/^t). 

If we project this vibration upon the iixed co-ordinate system, it follows 

that 

fx = x' cos (STTj/yi) = a cos {2irv^t) + A sin (Siri/jt) cos (27rj/^i) 
^y = y' sin (2ir>»,.<) = a sin (2in',i) -|- A sin {2irv^t) sin {2irvrt) 



HI-"' 




Fig. 13. 
for which we may also write 

fx = acos{2Tv^t) + -sin2ir(K|,-Hv,.)< + ^ sin 2ir(r„ - >/,.)« 
A A 

y = asm (2^^) - -cos 2r{v„+r^)t + ^i cos 2ir(.'„ - 1/^)*. 

From the point of view of the system at rest we have thus three 
oscillations : 

(a) the left-circular oscillation 



= a cos {2Trv,.tU „., , . , , 

■ ,T '; J-witn the frequency 1 
= asm(27r>'J)J ^ •' 



L (27r>',.<) 

(6) the left-circular oscillation 

A 1 

ffi = _ sin 27r(i/(| + v,.)t I 

A 
y = - ~oa&2v(vo + v,)t\ 



L-with the frequency v^ + v^ 
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with the frequency v^ - v,.. 



(c) the right-oiroular oscillation 

A '\ 

a; = - sin iir{y^ - >/,.)« 

y= _cos2»(;/(,-v,.)*l 



217 E. S. Imes, Astroph. Joum. 50, 251 (1919). 

218 A. Eucken, Ber. d. deutsch. phys. Ges. 15, 1159 (1913). Euchen has 
here, on account of the asymmetrical form of the hydrogen molecule, 
assumed two different moments of inertia 

/i = 0-96 . 10-4", and J^ =2-21 . lO""" 

and hence obtained two different series of numbers giving the revolutions 
vj. per second, cf . the table given there. See also the table in Buhens and 
Hettner, loc. cit, note 213. 

219 M. Planck, Ann. d. Phys. 52, 491 ; 53, 241 (1917). 

220 O. Sackur, Ann. d. Phys. 36, 958 (1911) ; 40, 67 (1913). 

221 H. Tetrode, Phys. Zeitschr. 14, 212 (1913) ; Ann. d. Phys. 38, 434 
(1912). 

222 W. H. Eeesom, Phys. Zeitschr. 15, 695 (1914). 

223 4. Sommerfeld, Vortrage uber die kinetische Theorie der Materie 
und der Elektrizitat. Wolfskehl-Kongress in Gottingen 1913. (Teubner, 
Leipzig and Berlin 1914), p. 125. 

224 P. Scherrer, Gottinger Nachr. 8 July, 1916. 
228 M. Planck, Berl. Ber. 1916, p. 653. 

226 W. Nemst, Die theoretischen und experimentellen Grundlagen des 
neuen Warmesatzes. (W. Knapp, Halle 1918), pp. 154 et seg. 

227 0. Sackur, Ber. d. deutsch. chem. Ges. 47, 1318 (1914). 

228 O. Stern, Phys. Zeitschr. 14, 629 (1913) ; Zeitschr. f . Elektroohemie 
25, 66 (1919). 

229 For what follows cf. the paper by 0. Stern quoted in the last note. 
Further, W. Nernst, Die theoretischen und experimentellen Grundlagen 
des neuen Warmesatzes. (W. Knapp, Halle 1918), Oh. XIII. 

230 As regards this and the following chapter, the reader is referred for 
more exact details to the article of P. S. Epstein in the Planck number 
of " Naturwissensohaften " (1918, p. 230). 

231 As the simplest Thomson atom, we are to imagine a sphere of radius 
a, filled vrith the unit charge e of posi- 
tive electrification, of space-density p, in 
the middle of which an electron with 
the charge - e rests. This structure is 
externally neutral. If we draw the 
electron out from the centre to a distance 
r (see Fig. 14) the external (shaded) 
hollow sphere exerts no force on the 
electron, according to the well-knovra 
laws of electrostatics. The inner solid 
sphere of radius r, on the other hand, 
acts on the electron just as if its total Fi^**14 
charge were concentrated at the centre. 
The force which draws the electron back into its position of rest is 
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therefore, 

F =2 =^per= -r 

f-i 3 a^ 

that is, it is proportional to the distance of the electron from its position 
of equilibrium. 

232 Of. also P. Drude, Lehrbuch der Optik. 2. Aufl., Chs. V and VII 
(Hirzel 1906). There is an English edition of this work. 

233 Of. W. Voigt, Magneto- und Elektro-optik (Teubner 1908). 

23* M. Planck, Ber. d. Berl. Akad. d. Wiss. 1902, p. 470 ; 1903, p. 480 ; 
1904, p. 740 ; 1905, p. 382. 
238 H. A. Lorentz, The Theory of Electrons, Ghs. Ill, IV (Teubner 1909). 
236 The electron oscillates, when bound quasi-elastically, according to 

the equation of motion m^— = — fx, if we restrict ourselves to linear os- 

oillations. Here m is the mass of the electron, x is its distance from the 
position of rest, and / is a factor of proportionality. The solution of this 
differential equation is represented by the pure harmonic motion 

X = A cos (nt + 5) 
where the frequency is 



y in 



The frequency n is therefore, as we see, independent of the amplitude and 
therefore of the energy of vibration. 

237 The frequencies v of those spectral lines of luminous hydrogen, 
which are included under the name " Balmer series," may be represented 
vrith great accuracy by the following formula given by Balmer. 



= ^&-i) ''^''' » = 3,4,5,6 



N is here a constant, the so-called Bydberg number. If we set for the 
current number n the values 3, 4, 5 ... we get in succession the fre- 
quencies of the red line of hydrogen (H„), the green line (Ho), and the 
blue line (Hy) and so forth. 

238 J. Stark, Ann. d. Phys. 43, 965 (1914) ; J. Stark and G. Wendt, ibid., 
43, 983 (1914); /. Stark and H. Kirschbaum, ibid., 43, 991; 43, 1017 
(1914) ; J. Stark, ibid., 48, 193, 210 (1915) ; /. Stark, 0. Hardtke and G. 
Liebert, ibid., 56, 569 (1918) ; J. Stark, ibid., 56, 577 (1918) ; G. Liebert, 
ibid., 56, 589, 610 (1918) ; /. Stark and 0. Hardtke, ibid. 58, 712 (1919) ; 
/. Stark, ibid., 58, 723 (1919). 

239 Of. S. A. Lorentz, The Theory of Electrons (Teubner, Leipzig and 
Berlin 1909), Oh. ni. 

240 H. Oeiger and Marsden, Phil. Mag. April, 1913. 

241 E. Butherford, Phil. Mag. 21, 669 (1911). 

242 According to C. G. Darwin [PhU. Mag. 27, 506 (1914)], the radius 
of the nucleus, taken as a sphere, is in the case of gold at the most 
= 3 . 10-12 cms., in the case of hydrogen at the most = 2 . 10-13 cms. 
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MS A. van den Broek, Phys. Zeitsohr. 14, 32 (1913). 

a« Cf. note 247. 

Ma N. Bohr, Phil. Mag. 26, 1, 476, 857 (1913). 

M6 A. Emstem, Phys. Zeitsolir. 18, 121 (1917). 

247 The quite elementary calculation is as follows : let an electron of 
charge e and mass m rotate around a. nucleus of charge .E = ea in a 
circular orbit : then s is the atomic number (for hydrogen, in particular, 
e — 1). If a is the radius of the circle, v the velocity, and a the angular 
velocity (frequency of rotation) of the electron in the circular orbit, then 
the condition for equilibrium between the attraction of the nucleus and 
the centrifugal force is 

— = maa? or rrw?u^ = eE = e^z. 
a' 

According to Bohr's second hypothesis the moment of momentum 
p(=:mva=ma'^iii) is a multiple of --, hence 

ma^o) = n—- (ra = 1, 2, 3 . . .). 

ZTT 

From these two equations for a and w we get for the discrete radii of the 
permissible quantum orbits 

«« = OT- (» = 1. 2, 3 . . .) 
and the corresponding frequencies of rotation 

The energy (kinetic + potential) is 

therefore the discrete quantum values of the energy are 

_ _ 2ir'e^z^ro 
" ~ hV ' 

If, in this expression, we set 

W = - 1^ and a = — = 

we recognise, that PT is a function of a), and hence oiv = ■^- The energy 
of the electron in the Butherford model therefore depends, as stated in 
the text, on its frequency of rotation v. 

If the electron passes from the ntb to the sth quantum path, then, ac- 
cording to Bohr's third hypothesis, a homogeneous spectral line is emitted 
of frequency 

Wv. - Ws 2tVto2^/i 1 \ _ WL_ i^ 



, no e'z e'z 

^ a 2a 
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where 

248 Of. note 237. 

219 It is of historical interest to note that, before Bohr, A. E. Haas in 
1910 (Sitzungsber. d. Wiener Akad. 10 March, 1910) succeeded in repre- 
senting Bydberg's number in terms of the universal constants e, h, m; 
his result differed from that of Bohr only by a factor 8. He deduced his 
result as follows. Starting from /. /. Thomson's atomic model, which 
was generally accepted at that time, he calculated the maximum oscilla- 
tion-frequency (no. of revolutions) vmax of the electron in the simplest 
atom (hydrogen atom) for the case when this atom, provided with one 
energy-quantum, was circling just on the surface of the positive sphere. 
He obtained 

iir'^e^m 
"max = — =-= — 
h* 

This maximum frequency was next identified by Haas with the series 
limit (» = CO ) in Balmer's formula 



Then it follows that 



"&-;-.)■ 



■"Haas = 



h^ 



which is a value 8 times greater than Jt/Bohr- Saas used this relation to 
calculate from the three quantities, the Bydberg number N, Planck's 

constant h, and the ratio _, all of which he assumed known, the charge 
m 

e of the electron. In consequence of the factor 8 he obtained the value 
e = 3'18 . 10"'°, a value that is too small according to our present know- 
ledge, but which agreed well with the measurements of /. /. Thomson and 
H. A. Wilson, which were available at that time. 

230 Th. Lyman, Phil Mag. 29, 284 (1915). 

231 F. Paschen, Ann. d. Phys. 27, 565 (1908). 

2524. Fowler, Month. Not. Roy. Astron. Soo. 73, Dec. 1912. 

253 F. Paschen, Ann. d. Phys. 27, 565 (1908). 

254 E. C. Pickering, Astroph. Joum. 4, 369 (1896) ; 5, 92 (1897). 
235 £. /. Evans, Nature, 93, 241 (1914). 

256 W. Eossel, Ann. d. Phys. 49, 229 (1916) ; Die Naturwissenschaften 
7, 339, 360 (1919). 

257 L. Vegard, Verhandl. d. deutsch. physikal. Ges. 19, 344 (1917). 

258 4. Sommerfeld, Atombau und Spektrallinien. (An English edition 
translated from the 3rd German edition (1922) is being prepared by 
Messrs. Methuen & Go., Ltd.) 

259 B. Ladenburg, Die Naturwissenschaften 8, 5 (1920). 

260 4. Sommerfeld, Ann. d. Phys. 51, 1 (1916). 
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261 Expressed in terms of polar co-ordinates the kinetic energy L as- 
sumes the well-known form : 

In it, TO denotes the mass of the electron, the dots represent differentia- 
tion with respect to the time. The impulses p^. and p^ are then defined as 
follows (see note 48) ; 

'dr d(p 

262 Only when each impulse p^ depends solely on the corresponding 
2j (or when it is a constant), and when, in addition, the limits of the 
phase-integral are independent of the q^'s, does the phase-integral work 
out to a constant. This is by no means the case for any arbitrary choice 
of the co-ordinate-system. 

263 P. S. Epstein, Ann. d. Phys. 50, 489 ; 51, 168 (1916). 

264^. Schwarzschild, Sitzungsber. d. Berl. Akad. d. Wiss. 4. Map 
1916. 
263 A. Einstein, Verhandl. d. deutsch. physikal. Ges. 19, 82 (1917). 

266 M. Planck, Verhandl. d. deutsch. physikal. Ges. 17, 407, 438 (1915) ; 
Ann. d. Phys. 50, 385 (1916). 

267 The semi-major axis of the ellipse, which is characterised by the 
values n and n', here has the value 

^ h^n + n'f 

The ratio of the axis is 

6 n 

a ~ n + n'' 
We see that n' = corresponds to the case of Bohr's circular orbits. 

268 The energy of the electron moving in the Kepler ellipse (n, n') here 
has the value 

^ 2Tr%^«%s ^ _ Nhs^ 

""' ~ h\n + n'f (n + n'f' 

The series formula (102) of the text then follows from Bohr's Law of 
Frequency 

W , - W , 



h 

269 If account is taken of the influence of relativity, the series formula 
for the spectra of the hydrogen type become to a first approximation 

V = vo "^ "i 
where 



"0 = -^^'[(TTTp (1 + n'fj 
,-1 = Nz*a? 



1+- -1+-" 
4 s 4 n 

(s -I- s'f {n + n'f 
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In these expressions the symbols N and o have the following meaning : 



N = 



2ir'e*m„ 



a = ?^ ; a" is of the order 5-3 .10-6 
he 



m^ is the mass of the electron at vanishingly small velocities. 

Hence whereas the first term y^ gives the old formula, which was 
obtained by neglecting the influence of relativity, the small additional 
term v^ represents the influence of relativity. As we observe, y, does not 
only depend on the quantum sums s ■\- s' and n + to', but also on the 
individual values s, s', n, n'. This member, j/,, is thus responsible for the 
fine-structure. 

270 If we apply the formula of the preceding note to Ha, we have to set 
z = 1, s + s' = 2, M. + n' = 3. We then get 



-i_k-\\ 



+ Na' 



h 



2* 



i n 



i 



fJ2L. 



t? 


•^ 
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Corresponding to the possibilities of partition 



s + s' = 2 = 2 + 0\ circle 



and 



= 1 + 1/ ellipse 

= 3 + 0) 
= 2 + ll 
= 1 + 2j 



n + n' = 3 = 3 + 0^ circle 
eUipse 



2 final orbits 



3 initial orbits 



(for dynamical reasons the azimuthal quantum number n cannot under 
normal conditions assume a zero value), we should expect 2.3 = 6 
possibilities of production and hence 6 components of the fine-structure 
of Ha. One of these components, however, namely, the one correspond- 
ing to the transition of the electron from the circle (n = 8, «' = 0) to the 
ellipse (s = 1, s' = 1) does not present itself under normal conditions, as 
follows from the "Principle of Selection" enunciated by Bubinowics 
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and Sommerfeld (see Chapter VI, §9). Henoe 5 components of the 
fine-structure remain ; their position is exhibited in Pig. 15. 

As we see, the 5 components arrange themselves into two main groups, 
containing 3 and 2 members, respectively. The " missing " line Ila is 
dotted in. The distance Akh between la and Ila, lb and Ih, Ic and lie is 
called the "theoretical hydrogen doublet." 

According to the above formula the frequency-number of the line 
la (3, 0->2, 0) is 

•'<• [y 32J ^ *" [i* 34J 

The frequency-number of the line Ila (3, 0-»l, 1) is 

Jla \j2 32J ^ " [_ 2* 3^J 



Thus 



^''H = ''/i„- ''/„ = ^= 1-095 -lO'" 



corresponding to AAh = 0-157A. 

The hydrogen-doublet actually observed is measured from about the 
middle of la and lb to the middle of lib and He, ovring to the absence of 
Ila. This leads to the value 0'8a\h, that is, to 0-126A. 

According to a principle of correspondence enunciated by Bohr (see 
Chapter VI, § 9), as a result of which the azimuthal quantum number can 
only vary by + 1, the components lb and He are also absent. 

271 F. Paschen, Ann. d. Phys. 50, 901 (1916). 

272 From formula (97) of the text we get for the two Bydberg constants 
for hydrogen and helium : 



Nh = 



Nse 






Moreover, according to note 269, we get the third formula giving the 
value of the constant for the fine-structure : 



_ 27ra^ 
he ' 



From the first two relations, by using if He = I-Mja, we get 



e 
Mh Nae-Nn 



Mh e Nh- iNue 
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and hence 

_e e_ J^H - jNae 

m^c ~ M hc ■ ^He - Na ' 

The two Bydberg numbers Nh and Nae have been measured by Paschen 
with great accuracy : 

Nh = (109677-691 ± 0-06) . c 
Nue = (109722-144 + 0-04) . c. 

Moreover, —J. — = ^ is the electrochemical equivalent (Faraday's num- 
Ma . c 

ber), that is, the charge which, in electrolysis, accompanies one gramme- 
atoms). This number has the val 

ft, 

F = 9649-4 electromagnetic units. 

hi 
deduced, we get 



atom (i.e. N = — atoms). This number has the value 

Ms ^i, 



If we insert the three values of Na, Nhs and _- in the relation above 

Mh.c 



— = 1-7686 . 10' electromagnetic units, 

OT„C 

a value which agrees very well with those values of this quantity which 
were obtained by direct methods (deflection of the cathode- and j3-rays in 
the electric and magnetic field). Let us now write 

^J'^I^ = Nh(i + ^) 

or, using the value of — 2- given above. 
Ma 

2Trhn^* ^ 3 Na • Nae 

fe» 4 NH-iNae 

The right-hand side of this equation is knovra. If we combine with it 
the value for — just found, and also the value 

a = ?Ii' = 7-290. 10-5 
he 

which follows from Paschen's measurements of the fine-structure in the 
case of helium, we have three equations in three unknowns e, m^, h. 
From them we get 

e = (4-766 + 0-088) . 10"" 

h = (6-526 + 0-200) . 10 -". 

According to Sominerfeld it is more advantageous to use Millikan's value 
for e. We then get 

re = (4-774 + 0-004) . lO-i" 
ih = (6-545 + 0-009) . 10-2' 
U = (7-295 + 0-005). 10-a. 
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Things Considered, Tremendous 
Trifles. Alarms and Discursions. A 
Miscellany of Men. The Uses of 
Diversity, All Fcap. Svo. 6s. net. 
Wine, Water, and Song. Fcap. ivo. 
IS. 6d. net. 



Clntton-Brook (A.). WHAT IS THE KING- 
DOM OF HEAVEN? Fifth Edition. 

Fcap. 2ivo. 5s. net. 
ESSAYS ON ART. Second Edition, Fea/b. 

8110. 5s. net. 
ESSAYS ON BOOKS. Third Edition. 

Fcap. Svo. 6s. net. 
MORE ESSAYS ON BOOKS. Fcap. Svo. 

65. net. 
SHAKESPEARE'S HAMLET. Fcap. Svo. 

5S. net 
Conrad (Joseph). THE MIRROR OF 

THE SEA : Memories and Impressions, 

Fourth Edition. Fcap. Svo. 6s. net. 
Drever (James). THE PSYCHOLOGY OF 

EVERYDAY LIFE. Cr. Svo. 6s. net. 
THE PSYCHOLOGY OF INDUSTRY. 

Cr. Svo. 5s. net. 
Einstein (A.). RELATIVITY : THE 

SPECIAL AND THE GENERAL 

THEORY, Translated by Robert W. 

Lawson, Seventh Edition. Cr. Svo. 5s. net. 
SIDELIGHTS ON RELATIVITY, Two 

Lectures by Albert Einstein, Cr. Svo. 

3S, 6d. net. 

Other Books on the Einstein Theory. 
SPACE— TIME— MATTER, By Hermann 

Weyl, Demy Svo. 21s, net. 
EINSTEIN THE SEARCHER ; His Work 

explained in Dialogues with Einstein, 

By Alexander Moszkowski, Demy 

Svo. I2S. 6d. net. 
AN INTRODUCTION TO THE THEORY 

OF RELATIVITY, By Lyndon Bolton, 

Cr, Svo. 5s, net. 
RELATIVITY AND GRAVITATION, By 

Various Writers, Edited by J. Malcolm 

Bird. Cr. Svo. ys. 6d. net. 
RELATIVITY AND THE UNIVERSE. 

By Dr, Harry Schmidt, Second Edition. 

Cr. Svo. 5s. net. 
THE IDEAS OF EINSTEIN'S THEORY, 

By J, H. Thirring, Cr. Svo. 5s. net. 
RELATIVITY FOR ALL, By Herbert 

Dingle, Fcap. Svo. 2s, net. 
Evans (Joan). ENGLISH JEWELLERY. 

Royal ito. £2 12s, 6d. net. 
Fyleman (Rose). FAIRIES AND CHIM- 
NEYS, Fcap, Svo, Twelfth Edition. 

35, 6d. net. 
THE FAIRY GREEN. Sixth Edition. 

Fcap. Svo. 3s, 6d. net. 
THE FAIRY FLUTE. Second Edition, 

Fcap, Svo, 3s. 6d. net. 
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GibUns (H. do B.). INDUSTRY IN 
ENGLAND: HISTORICAL OUTLINES. 
With Maps and Flans. Tenth Edition. 
Demy Bvo, 12s. 6d. net, 
THE INDUSTRIAL HISTORY OF 
ENGLAND. With 5 Maps and a Plan. 
Twenty-seventh Edition. Cr. Rvo. 55. 
€lbbon (Kdwiri). THE DECLINE AND 
FALL OF THE ROMAN EMPIRE. 
Edited, with Notes, Appendices, and Maps, 
by J. B. Bury. Seven Volumes. Demy 
Sk>. Illustrated. Each 12s. 6d. net. 
Also in Seven Volumes. Unillustrated. 
Cr. StPO. Each 75. 6d. net. 
Olover (T. R.)— 
The Conflict of Religions in the Early 
Rohan Eupire, 105. 6d. net. Poets and 
Puritans, 10s. 6d. net. Frou Pericles 
ro Philip, ios. 6d. net. Virgil, ids. (>d. 
net. Tbe Christian Tradition and its 
Verification (The Angus Lecture for 
1912), 65. net. 
Qrahame (Kenneth). THE WIND IN 
THE WILLOWS. Twellth Edition. Cr. 
8vo. ys. 6d. nti. 
Hall (H. B.). THE ANCIENT HISTORY 
OF THE NEAR EAST FROM THE 
EARLIEST TIMES TO THE BATTLE 
OF SALAMIS. Illustrated. Fifth Edi- 
tion. Demy 8vo. 2i£. net. 
Hawthorne (Nathaniel). THE SCARLET 
LETTER. With 31 Illustrations in 
Colour, by Hugh Thomson. Wide Royal 
Sfo. 315. bd. net. 
Holdsworth (W. S.). A HISTORY OF 
ENGLISH Law. Seven Volumes. Demy 
Zvo. Each 25f. net. 
Inge (W. R.). CHRISTIAN MYSTICISM. 
(The Bampton Lectures of 1899.) Fifth 
Edition. Cr. 8vo. 75. fid. net. 
Jenks (E.). AN OUTLINE OF ENGLISH 
LOCAL GOVERNMENT. Fifth Edition, 
revised. Cr. 8vq. 55. net. 
A SHORT HISTORY OF ENGLISH LAW : 
From the Earliest Times to the End 
of the Year 1911. Second Edition, 
revised. Demy 81/0. 12s. td. net. 
Julian (Lady) oi Norwich. REVELA- 
TIONS OF DIVINE LOVE. Edited by 
<;kace Warrack. Seventh Edition. Cr. 
auo. 55- net. 
•Keats (John). POEMS. Edited, with In- 
troduction and Notes, by £. de Seun- 
couRT. With a Frontispiece in Photo- 
gravure. Fourth Edition. Demy &vo. 
I2S. 6d. net. 
Kldd (Benjamin). THE SCIENCE OF 
POWER. NinthEdition. Cr.ivo. Js.6d.net. 
SOCIAL EVOLUTION. Demyivo. is.6d.net. 
A PHILOSOPHER WITH NATURE. 

Second Edition. Cr. Bvo. 7s. 6d. net. 
Kipling (Rndyard). BARRACK-ROOM 
BALLADS. 215I* Thousand. Cr. 8110 
Buckram, ?s. td. net. Also Fcap. 8vo. 
Cloth, 6s. net ; leather, 7s. 6d. net. 
Also a Service Edition. Tteo Volumes. 
Square Fcap. Svo. Each 3s. net. 



THE SEVEN SEAS. I57<» Thousand. 
Cr. Svo. Buckram, ys. 6d. net. Also 
Fcap. Bvo. Cloth, 6s. net ; leather, Js. 6i. 
net. 

Also a Service Edition. Two Volumes. 
Square Fcap. Bvo. Each 3s. net. 

THE FIVE NATIONS. I26(* Thousand. 
Cr. Bvo. Buckram, ys. 6d. net. Also 
Fcap. Bvo. Cloth, 6s. net ; leather, ys. 6d. 
net. 

Also a Service Edition. Two Volumes, 
Square Fcap, Bvo. Each 35. net. 

DEPARTMENTAL DITTIES. I02ni 
Thousand. Cr. Bvo. Buckram, ys. 6d. 
net. Also Fcap. Bvo. Cloth, 6s. net ; 
leather, ys. 6d. net. 

Also a Service Edition. Two Volumes. 
Square Fcap. Bvo. Each 3s. net. 

THE YEARS BETWEEN, gsth Thousand. 
Cr. Bvo. Buckram, ys. 6d. net. Fcap. 
Bvo. Cloth, 6s. net ; leather, ys. 6d. net. 
Also a Service Edition. 7*100 Volumes. 
Square Fcap. Bvo. Each 3s. net. 

HYMN BEFORE ACTION. IlluminaUd. 
Fcap. 4to. IS. 6d. net. 

RECESSIONAL. lUominated. Fcap. tto. 
IS. 6d. net. 

TWENTY POEMS FROM RUDYARD 
KIPLING. 313/* Thousand. Fcap. Bvo. 
IS. net. 

Knox (B. V. 6.). (' Evoe ' of Punch.) 
PARODIES REGAINED. Illustrated 
by George Morrow. Feap. Bvo. 51. 
net. 

Lamb (Charles and Hary). THE COM- 
PLETE WORKS. Edited by E. V. 
Lucas. A New and Revised Edition in 
Six Volumes. With Frontispieces. Fcap. 
Bvo. Each 6s. net. 
The volumes are : — 

I. Miscellaneous Prosk. ii. Elia and 
the Last Essay of Elia. hi. Books 
FOR Children, iv. Plays and Pobmi. 
V. and VI. Letters. 

THE ESSAYS OF ELIA. With an Intro- 
duction by E. V. Lucas, and 18 Illustra- 
tions by A. Garth Jones. Fcap. Bvo. 
51. net. 

Lankester (Sir Ray). SCIENCE FROM AN 
EASY CHAIR. Illustrated. Thirteenth 
Edition. Cr. Bvo. ys. 6d. net. 

SCIENCE FROM AN EASY CHAIR. 
Second Series. Illustrated. Third Edi- 
tion. Cr. Bvo. ys. 6d. net. 

DIVERSIONS OF A NATURALIST. 
Illustrated. Third Edition. Cr. Bvo. 
ys. 6d. net. 

SECRETS OF EARTH AND SEA Cr 
Bvo. 8s. 6d. net. 

Lodge (Sir Oliver). MAN AND THE 
UNIVERSE : A Study or the Influence 
OF the Advance in Scientific Know- 
ledge UPON OUR Understanding of 
Christianity. Ninth Edition. Cr Sea 
75. 6d. net. ' 
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THE SURVIVAL OF MAN : A Study i« 
Uhrkcoonizid Human Faculty. Saitnih 
Edition. Cr. &vo. 7s. 6d. net. 

MODERN PROBLEMS. Cr. Svo. 75. 6d, net. 

RAYMOND ; or Life amd Death. 
Illustrated. Tweltth Edition. Demy Sua. 

1 OS. 6d. net. 

Loring (F. H.). ATOMIC THEORIES. 
Demy Svo. lis. 6d. net. 

Lucas (B. V.)— 
The Life of Charles Laub, 3 ools., 2x5. 
net. A Wanderer in Holland, 10s. 6d. 
net. A Wanderer in London, ios. 6d. 
net. London Revisited, ios. 6d. net. A 
Wanderer in Paris, ios. 6d. net and 6s. 
net. A Wanderer in Florence, ios. 6d. 
net. A Wanderer in Venice, ios. 6d. net. 
The Open Road : A Little Book for 
Wayfarers, 6s. 6d. net. The Friendly 
Town ; A Little Book for the Urbane, 
6s. net. Fireside and Sunshine, 

6s. net. Character and Couedy, 6s. net. 
The Gentlest Art : A Choice of Letters 
b7 Entertaining Hands, 6s. 6d. net. The 
Second Post, 6s. net. Her Infinite 
Variety : A Feminine Portrait Gallery, 
6s. net. Good Company : A Rally of Men, 
6s. net. One Day and Another, 6s. net. 
Old Lamps for New, 6s. net. Loiterer's 
Harvest, 6s. net. Cloud and Silver, 6s. 
net. A BoswELL of Baghdad, AND other 
Essays, 6s. net. 'Twixt Eagle and 
Dove, 6s. net. The Phantom Journal, 

AND OTHER ESSAYS AND DIVERSIONS, 6s. 

net. Specially Selected : A Choice of 
Essays, 7s. 6d. net. Urbanities. Illus- 
trated by G. L. Stamfa, 7s. td. net. 
The British School ; An Anecdotal 
Guide to the British Painters and Paint- 
ings in the National Gallery, 6s. net. 
• Roving East and Roving West : Notes 
gathered in India, Japan, and America. 
5S. net. Edwin Austin Abbey, R.A. 

2 vols. £6 6s. net. Vermeer of Delft, 
IOS. 6d. net. 

Ueldrnm(D.S.). REMBRANDT'S PAINT- 
INGS. Wide Royal Svo. £2 2s. net. 
Methufin (A.). AN ANTHOLOGY OF 
MODERN VERSE. With Introduction 
by Robert Lynd. Seventh Edition. 
Fcap. Svo. 6$. net. Thin paper, leather, 
ys, 6d. net. 
MeDongall (WllUam). AN INTRODUC- 
*TION TO SOCIAL PSYCHOLOGY. 
\ Smenteenih Edition. Cr. Svo. 8s. 6d. net. 
^ODY AND MIND : A History and a 
\ Defence of Animism. Filth Edition. 
XDemy Svo. I2S. 6d. net. 
NATIONAL WELFARE AND NATIONAL 

/pECAY. Cr. Svo. 6s. net. 
B»eterlinck (Maotlce)— , , „. » . 

The Blue Bird : A Fairy Play in SiE Acts 
6s net. Mary Magdalene : A Play in 
Three Acts, 5s. net. Death, 3s. 6d. net. 
Our Eternity, 6s. net. The Unknown 



Guest, 6j. net. Poems, 5s. net. The 
Wrack of the Storm, 6s. net. The 
Miracle of St. Anthony : A Play in One 
Act, 3$. 6d. net. The Burgomaster of 
Stilemonde : A Play in Three Acts, 5s. 
net. The Betrothal ; or. The Blue Bird 
Chooses, 6s. net. Mountain Paths, 6f, 
net. The Story of Tyltyl, 21s. net. 

fflUne (A. A.)— 
Not that it Matters. Fcap. Svo. 6f. 
net. If I May. Fcap. Svo. 6s. net. 

Nevill (Ralph). MAYFAIR AND MONT- 
MARTRE. Demy Svo. 15s. net. 

Norwood (Gilbert). EURIPIDES AND 
SHAW : With other Essays. Cr. Svo, 
7s. 6d. net. 

Osborn (K. B.). LITERATURE AND 
LIFE. Cr. Svo. Js. 6d. net. 

Oxenham (John)— 
Bees in Amber ; A Little Book of 
Thoughtful Verse. Small Pott Svo. 
Stiff Boards. 2S. net. All's Well ; 
A Collection of War Poems. The Kino's 
High Way. The Vision Splendid, 
The Fiery Cross. High Altars : The 
Record of a Visit to the Battlefields of 
France and Flanders. Hearts Coura- 
geous. All Clear ! All Small Pott 
Svo. Paper, is. 3d. net ; cloth boards, 2S. 
net. Winds of the Dawn. Gentlemen 
— ^The King, 2s. net. 

Petrle (W. M. FUnders). A HISTORY OP 
EGYPT. Illustrated. Six Volumes. Cr. 
Svo. Each gs. net. 

Vol. I. From the Isi to the XVIt« 
Dynasty. Ninth Edition, (ios. 6d. net.) 

Vol. II. The XVIIth and XVIIIth 
Dynasties. Sixth Edition. 

Vol. hi. XIXth to XXXtb Dynasties. 
Second Edition. 

Vol. IV. Egypt under the Ftolbhaic 
Dynasty. J. P. Mahaffy. Second Edition. 

Vol. V. Egypt under Roman Rule. 
J. G. Milne. Second Edition. 

Vol. VI. Egypt in the Middle Ages. 
Stanley Lane Poole. Second Edition, 

SYRIA AND EGYPT, FROM THE TELL 
EL AMARNA LETTERS. Cr. Svo. 
5s. net. 

EGYPTIAN TALES. Translated from the 
Papyri. First Series, ivth to xiith 
Dynasty. Illustrated. Third Edition. 
Cr. Svo. 5s. net. 

EGYPTIAN TALES. Translated from the 
Papyri. Second Series, xvlllth to xixth 
Dynasty. Illustrated. Second Edition. 
Cr. Svo. 5s. net. 

PoUltt (Arthur W.). THE ENJOYMENT 
OF MUSIC. Second Edition. Cr. Svo. 
5s. net. 

Price (L. L.). A SHORT HISTORY OP 
POLITICAL ECONOMY IN ENGLAND 
FROM ADAM SMITH TO ARNOLD 
TOYNBEE. Elaenth Edition. Cr. 8»o. 
5». net. 
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Selons (Edmund) — 
Tommy Smith's Animals. Tommy 
Smith's Other Animals. Tommy Smith 
AT THE Zoo. Tommy Smith again ax 
THE Zoo. Each 2s. gd. Jack's Insects, 
3$. 6d. Jack's Other Insects, 31. 6d. 

SheUey (Percy Bysshe). POEMS. With 
an Intrsduction by A. Clutton-Brock 
and Notes by C. D. Locock. Two 
Volumes. Demy 8vo. fi is. net. 

Smltti (Adam). THE WEALTH OF 
NATIONS. Edited by Edwin Cannan. 
Two Volumes. Third Edition. Demy 
8v«. £1 iQS. net. 

Smith (S. 0. Klines). LOOKING AT 
PICTURES. Ilustrated. Second Edi- 
tion. Fcap. Svo. 6s. net. 

6pens (Janet). ELIZABETHAN DRAMA. 
Cr. 8do. 6$. net. 

Btevenson (R. L.). THE LETTERS OF 
ROBERT LOUIS STEVENSON. Edited 
by Sir Sidney Colvin. A New Re- 
arranged Edition in four volumes. Fourth 
Edition. Fcap, 8vo. Each 6s. net. 

Surtees (R. S.) — 
Handley Cross, 7s. 6d. net. Mr. 
Sponge's Sporting Tour, 7s. 6d. net. 
Ask Mamma : or. The Richest Commoner 
in England, 7$. 6d. net. Jorrocks's 
Jaunts and Jollities, 6s. net. Mr. 
Facey Romford's Hounds, 7s. 6d. net. 
Hawbuck Grange ; or. The Sporting 
Adventures of Thomas Scott, Esq., 6s. 
net. Plain or Ringlets ? 7s. 6d. net. 
Hillingdon Hall, 7s. 6d. net. 

TUden (W. T,). THE ART OF LAWN 
TENNIS. Illustrated. Fourth Edition. 
Cr. Svo. 6s. net. 

TUeston (Mary W.). DAILY STRENGTH 
FOR DAILY NEEDS. Twenty-seventh 
Edition. Medium x6mo. 3s. 6d. net. 



Tarner (W. J.). MUSIC AND LIFE. 
Cr. 8vo. 7s. 6d. net, 

UnderMll (Evelyn). MYSTICISM. A 
Study in the Nature and Development of 
Man's Spiritual Consciousness. Ninth 
Edition. Demy 6vo. 15s. net. 

Vardon (Harry). HOW TO PLAY GOLF. 
Illustrated. FifUenth Edition. Cr. Svo, 
5s. 6d. net. 

Wade (G. W.). NEW TESTAMENT 
HISTORY. Demy 81/0. i8s. net. 

Watorhouse (Eliiabeth). A LITTLE BOOK 
OF LIFE AND DEATH. Twenty-first 
Edition. Smttll Pott 8vo. 2s. 6d, net. 

Wells (J.). A SHORT HISTORY OF 
ROME. Eighteenth Edition. With 3 
Maps. Cr, SifO. ss. 

Wilde (Oaear), THE WORKS OF OSCAR 
WILDE. Fcap. 6vo. Each 6s. 6d. net. 
I. Lord Arthur Satile's Crime and 
the Portrait o» Mk. W. H. ii. The 
Duchess of Padua, hi. Poems, iv. 
Lady Windermere's Fan. v. A Woman 
OF No Importance, vi. An Ideal Hus- 
band. VII. The Importance of Being 
Earnest, viii. A House of Pohs- 

GRANATES. IX. INTENTIONS. X. Ds PrO- 
FUNDIS AND PRISON LETTERS. XI. ES- 
SAYS. XII. Salome, A Florentine 
Tragedy, and La Sainte Courtisanb. 
XIII. A Critic in Pall Mall. xiv. 
Selected Prose of Oscar Wilde. 
XV. Art and Decoration. 

A HOUSE OF POMEGRANATES. Illus- 
trated. Cr. 4to, 2 IS. net. 

Yeats (W. B.). A BOOK OF IRISH 
VERSE. Fourth Edition. Cr. Svo. ys, 
net. 



Part II. — ^A Selection of Series 
The Antiquary's Books 

Demy 8vo. los, 6d. net each volume 
With Numerous Illustrations 



Ancient Painted Glass in England. 
Archeology and False Antiquities. 
The Bells of England. The Brasses 
OF England. The Castles and Walled 
Towns of England. Celtic Art in 
Pagan and Christian Times. Church- 
wardens' Accounts. The Domesday 
Inquest. English Church Furniture. 
English Costume. English Monastic 
Life. English Seals. Folk-Lore as 
AN Historical Science, The Gilds and 
Companies of London. The Herhits 
and Anchorites of England. The 



Manor and Manorial Records. The 
Medieval Hospitals of England. 
Old English Instruments of Music 
Old English Libraries. Old Service 

iJOOKS OF THE ENGLISH ChURCH. PaRISH 

Life in Medieval England. The 
ir'ARiSH Registers of England Re- 
mains OF the Prehistoric Ace in Eng- 
land. The Roman Era in Britain 
Romano.-British Buildings and Earth- 
works. The Royal Forests of Eng- 
land. The Schools of Medieval Eng 
land. Shrines of British Saints. 
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The Arden Shakespeare 

General Editor, R. H. CASE 
Demy Svo. 6s. net each volume 

An edition of Shakespeare in Single Plays ; each edited with a full Intro- 
duction, Textual Notes, and a Commentary at the foot of the page. 

Classics of Art 

Edited by Dr. J. H. W. LAING 

Witk numerous Illustrations. Wide Royal Svo 

net. Raphael, 15s. net. Rbubkandt's 
Etchings, 31s. 6d. net. Rembrandt's 

Paintings, 425. net. Tintoretto, 16s. net. 
Titian, i6s. net. Turner's Sketches and 
Drawings, 15s. net, Velasquez, 15s. net. 



The Art ov the Greeks, 21s. net. The 
Art of the Romans, i6s. net. Chardin, 
15s. net. DoNATXLLO, i6s. net. George 
RouNBY,i5s. net. Ghirlandaxo, 15s.net. 
Lawrence, 255. net. Michelangelo, 15s, 



The ' Complete ' Series 

Fully Illustrated. Demy Svo 



The Complete Airman, x6s. net. The 
Complete Amateur Boxer, 10s. 6d. net. 
The Complete Association Foot- 
baller, los. 6d. net. The Complete 
Athletic Trainee, 10s. 6d, net. The 
Complete Billiard Player, ids. 6d. 
net. The Complete Cook, ios. 6d. net. 
The Complete Foxhunter, i6s. neL 
The Complete Golfer, 12s. 6d. neC^ 
The Complete Hockey-Player, ids. 6d, 
net. The Complete Horseman, 155. 
net. The Complete Jujitsuan. Cr. Svo. 



5s. net. The Complete Lawn Tennis 
Player, 12s. 6d. net. The Complete 
Motorist, ios. 6d. net. The Complete 
Mountaineer, i6s. net. The Complete 
Oarsman, 15s. net. The Complete 
Photographer,12j. 6d. net. TheComplete 
Rugby Footballer, on the New Zea- 
land System, j2s. 64. net. The Com- 
plete Shot, i6s. net. The Complete 
Swimmer, io5. 6d. net. The Complete 
Yachtsman, i8s. net. 



The Connoisseur's Library 

With numerous Illustrations. Wide Royal Svo. £1 lis. 6d.net each volume 



English Coloured Books. Etchings. 
European Enamels. Fine Books. 
Glass. Goldsmiths' and Silversmiths* 
Work, Illuminated Manuscripts. 



Ivories. Jewellery. Mezzotints. 
Miniatures. Porcelain. Seals. 

Wood Sculpture, 



Handbooks of Theology 

Demy Svo 



The Doctrine of the Incarnation, 15s. 
net. A History of Early Christian 
Doctrine, i6s. net. Introduction to 
THE History of Religion, 125. 6d. net. 
Am Introduction to the History of 



THE Creeds, 125. 6d. net. The Philosophy 
of Religion in England and America, 
X2I. 6d. net. The XXXIX Articles of 
the Church of England, 15s, net. 



Health Series 

Fcap. Svo. 2s. 6d. net 



The Baby. The Care of the Body. The 
Care of the Teeth. The Eyes of our 
Children. Health for the Middle- 
Aged. The Health of a Woman. The 
Health of the Skin. How to Live 



Long. The Prevention of the Cohhoh 
Cold. Staying the Plague. Throai? 
and Ear Troubles. Tuberculosis. 
The Health of the Child, 2$. net. 



Messrs. Methuen's Publications 
The Library of Devotion 

Handy Editions of the great Devotional Books, well edited 
With Introductions and (where necessary) Notes 
Small Pott &V0, cloth, 3s. net and 35. 6d. net 



Little Boolis on Art 

With many Illustrations. Demy i6mo. 51. net each volume 

Each volume consists of about 200 pages, and contains from 30 to 40 

Illustrations, including a Frontispiece in Photogravure 



Albrecht DfJRSR. The Arts of Japan. 
Bookplates. Botticelli. Burme- 
JONEs. Cellini. Christian Syubolism. 
Christ in Art. Claude. Constable. 
CoROT. Early English Water-Colour. 
Enamels. Frederic Leighton, George 
RoHNEY. Greek Art. Greuze and 



Boucher. Holbein. Illuuinated 
Manuscripts. Jewellery. John Hopp- 
MER. Sir Joshua Reynolds. Millet. 
Miniatures. Our Lady in Art. 
Raphael. Rodim. Turner. Vandyck, 
Watts. 



The Little Guides 

With many Illustrations by E. H. New and other artists, and from 
photographs 

Small Pott Svo. 4s. net to js. 6d. net. 

Guides to the English and Welsh Counties, and some well-known districts 

The main features of these Guides eire (i) a handy and charming form; 
(2) illustrations from photographs and by well-known artists ; (3) good 
plans and maps ; (4) an adequate but compact presentation of everything 
that is interesting in the natural features, history, archaeology, and archi- 
tecture of the town or district treated. 



The Little Quarto Shakespeare 

Edited by W. J. CRAIG. With Introductions and Notes 



Pott i6mo. 



40 Volumes. Leather, price is. gd. net each volume 
Cloth, IS. 6d, net. 



Plays 

Fcap. Svo. 3s. 6d. net 



Milestones. Arnold Bennett and Edward 
Knoblock. Tenth Edition. 

Ideal Husband, An. Oscar Wilde. Act- 
ing Edition. 

Kismet. Edward Knoblock. Fourth Edi- 
tion. 

The Great Adventure. Arnold Bennett, 
Fifth Edition. 



Typhoon. A Play in Four Acts. Melchior 
Lengyel. English Version by Laurence 
Irving. Second Edition. 

Ware Case, The. George Pleydell. 

J. E. Harold Terry. 



General Post. 

Second Edition. 
The Honeymoon. 

Edition. 



Arnold Bennett. Thiri 
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Sports 

Illustrated. 
All About Flyihg, 3s. rut. Alpine 
Ski-ing at All Heights and Ssasohs, 
5s. net. Cross Country Ski-ing, 5s. net. 
Golf Do's and Dont's, as. 6d. net. 
Quick Cuts to Good Golf, 2s. 6d. net. 
Inspired Golf, 2s. td. net. Briving. 
Approaching, Putting, is. net. Golf 
Clubs and How to Use Them, 2s. net. 
The Secret of Golf for Occasional 



Series 

Fcap. 81/0 
Players, ss. net. Lawn Tennis, 3s. nit. 
Lawn Tennis Do's and Dont's, 2*. net. 
Lawn Tennis for Young Players, 
2s. 6d. net. Lawn Tennis for Club 
Players, is. 6d. net. Lawn Tennis for 
Match Players, 2s. 6d. net. Hockey, 
4S. net. How to Swim, 2s. net. Punt- 
ing, 35. td. net. Skating, 3s. net. 
Wrestling, as. net. 



The Westminster Commentaries 

General Editor, WALTER LOCK 



Tub Acts of thb Apostles, x2s. &d. net. 
Amos, 8s. 6d. net. I Corinthians, 8s. 
6d. net. Exodus, xSs. net. Ezekiel, 
I2S. 6d. net. Genesis, i6s. net. Hebrews, 
8s. 6d. net. Isaiak, i6s. net. Jeremiah, 



Demy 8vo 

i6s.net. Job. 8s. 6d. net. The Pastoral 
Epistles, 6s. 6d. net. The Philifpiahs, 
8s. 6d. net. St. James, 8s. 6d. net. St. 
Matthews, 15s. net. St. Luke, z5s. net. 



Methuen's Two- Shilling Library 

Cheap Editions of many Popular Books 
Fcap. Svo 



Part III. — A Selection of Works of Fiction 



Biniutt (Arnold) — 
Clayhangeb, 8s. net. Hilda Lessways, 
8s. 6d. net. These Twain. The Card. 
The Regent : A Five Towns Story of 
Adventure in London. The Price of 
Love. Buried Alive. A Man from 
THE North. The Matador of the Five 
Towns. Whom God hath Joined. A 
Great Man : A FroUc. Mr. Prohack. 
All IS. 6d. net. 

Bltmingbam (George A.)— 

Spanish Gold. The Search Party. 
Lalage's Lovers. The Bad Times. Up, 
THE Rebels. The Lost Lawyer. All 
Is. 6d. net. Ihishkehy, 8s. 6d. net. 

Burroughs (Edgar Bice)— 
Tarzan of the Apes, 6$. net. The 
Return of Tarzan, 6s. net. The Beasts 
OF Tarzan, 6s. net. The Son of Tarzan, 
6s net Jungle Tales of Tarzan, 6s. 
net. Tarzan and the Jewels of Opar, 
6s. net. Tarzan the Untamed, 7s. od. net. 
A Princess of Mars, 6$. net. The Gods 
OF Mars, 6s. net. The Warlord of 
Mars, 6s. net. Thuvia, Maid of Mars, 
6s net. Tarzan THE Terrible, 2S. 6d. n<!(. 
The Mucker, 6s. net. The Man with- 
out A Soul, 6s. net. 

''TsEi'o''F"lix>,ls. 6d. net. Victor, : An 
Island Tale. Cr. im. gs. net. The 
Secret Agent : A Simple Tale. Cr. &vo. 
as net. Under Western Eyes. or. 
81^. 91. net. Chance. Cr. 8«o. 9»- »««• 



Corelll (Xarie)— 

A Romance of Two Worlds, 7s. 6d. net. 
Vendetta ; or. The Story of One For- 
gotten, 8s. net. Thelma : A Norwegian 
Princess, 8s. td. net. Ardatb : The Story 
of a Dead Self, 7s. 6d. net. The Soul of 
Lilith, 7s. td. net. Wormwood : A Drama 
of Paris, 8s. net. Barabbas : A Dream of 
the World's Tragedy, 8s. net. The Sorrows 
OF Satan, 7s. td. net. The Master- 
Christian, 8s. 6d. net. Temporal Power: 
A Study in Supremacy, 6s. net. God's 
Good Man : A Simple Love Story, 8s. 6<j. 
net. Holy Orders : The Tragedy of a 
Quiet Life, 8$. 6d. net. The Mighty Atom, 
7s. 6d. net. Boy : A Sketch, 7s. 6d. net. 
Cameos, 6s. net. The Life Kverlasting, 
8s. 6a. net. The Love of Long Ago, and 
Other Stories, 8s. td. net. Innocent, 
7s. td. net. The Secret Power; A 
Romance of the Time, 7s. td. net. 



Hlebens (Robert)— 
Tongues of Conscience, 7s. 6a. ntl. 
Felix : Three Years in a Life, 7s. td. net. 
The Woman with the Fan, 7s. td. net. 
The Garden of Allah, 8s. td. net. 
The Call of the Blood, 8s. td. net. 
The Dweller on the Threshold, 7s. td, 
net. The Way of Ambition, 7s. td. net. 
In the Wilderness, 7s. td, net. 



Messrs, Methuen's Publications 



Hope (Anthony) — 
A Chance of Air. A Mam or Mark. 

Simon Dale. The King's Mirror. 
The Dolly Dialogues. Mrs. Maxon 
Protests. A Young Man's Year. 
Beaumaroy Home from the Wars. 
All ys. 6d, neU 

Jacobs (W. W.)— 

Many Cargoes, ss. net. Sea Urchins, 
5s. net and 3s. 6d. net. A Master of 
Craft, 6s. net. Light Freights, 5s. net. 
The Skipper's Wooing, 5s. n«(. At Sun- 
wiCH Port, 5s. net. Dialstone Lane, 
5s. net. Odd Craft, 5s. net. The Lady 
OF THE Barge, 5s. net. Salthaven, 55. 
net. Sailors' Knots, 5s. net. Short 
Cruises. 6s. net. 

London (Jack)— WHITE FANG. Ninth 
Edition. Cr. Zvo, Js. 6d, net. 

Lucas (E. v.) — 

Listener's Lure : An Oblique Narration, 
6s. net. Over Bemerton's : An Easy- 
going Chroaicle, 6s. net. Mr. Ihglesidb, 
6s. net. London Lavender, 6s. net. 
Landmarks, 6s. net. The Vermilion 
Box, 6s. net. Verena in the Midst, 
Ss. 6d. net. Ross and Rose, 6s. net, 

MoKenna (Stephen) — 

Sonia : Between Two Worlds, 8s. net. 
Ninety-Six Hours' Leave, 7s. 6d. net. 
The Sixth Sense, 6s. net. Midas & Son, 
8s. net. 

Malet (Lucas) — 
The History of Sir Richard Calmady : 
A Romance. los. net. The Carissima. 
The Gateless Barrier. Deadhau 
Hard. All ys. 6d. net. The Wages of 
Sin. 8s. net. Colonel Endesby's Wife, 
ys. 6d. net. 

Mason (A. B. W.). CLEMENTINA. 
Illustrated. Ninth Edition. Cr. 800. 
ys. 6d. net. 

Milne (A. A.)— 
The Day's Play. The Holiday Round. 
Once a Week. AU Cr. &vo. ys. 6d. net. 
The Sunny Side. C*. 8vo, 6s. net. 
The Red House Mysteby. Cr, 8vo. 
6s. net. 



Oxenham (John) — 

Profit and Loss. Ths Song of Hya- 
cinth, and Other Stories. The Coil or 
Carne. The Quest of the Golden Rosa. 
Mary All-Alohb. All ys. 6d. net. 

Parker (Gilbert)— 

Mrs. Falchion. The Translation 
OF A Savage. When Valmono caue 
TO PoNTiAC : The Story of a Lost 
Napoleon. An Adventure of the 
North : The Last Adventures of ' Pretty 
Pierre.' The Seats of the Mighty. The 
Battle of the Strong : A Romance 
of Two Kingdoms. The Trail of the 
Sword. Northern Lights. All ys. 6d, 
net. 

Phillpotts (Bden)~ 

Children of the Mist. The River. 
Demeter's Daughter. The Human 
Boy and the War. AU 75. 6d. net. 

Rohmer (Sax) — 
Tales of Secret Egypt. The Orchard 
OF Tears. The Golden Scorpion. All 
ys. 6i. net. The Devil Doctor. 

The Mystery of Dr. Fu-Manchu. The 
Yellow Claw. All 3s. 6d. net, 

Swinnerton (F.) Shops and Houses. 
September. The Happy Family. Cm 
The Staircase. Coquette. The Chaste 
Wife. All 7s. 6d. net. The Merry 
Heart, The Casement, Thb Young 
Idea. All 6s. net. 

Wells (H. G.). BEALBY. Fourth Edition. 
Cr. 8vo. ys 6d. net. 

Willlarason (C. N. and A. M.)— 

The Lightning Conductor : The Strange 
Adventures of a Motor Car. Lady Betty 
across the Water. It Happened in 
Egypt. The Shop Girl. The Lightning 
Conductress. My Friend the 

Chauffeur. Set ih Silver. The 
Great Pearl Secret. The Love 
Pirate. AU 7s. 6i. net. Crucifix 
Corner. 65. net. 



Methuen's Two-Shilling Novels 

Cheap Editions of many of the most Popular Novels of the day 

Write for Complete List 

Fcap. 8wo 
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